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L. Texture synthesis
Other applications: RVIE BY

Texture segmentation
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Texture Synthesis

Generate f perceptually similar to some input fj

Input
exemplar

Periodic copy
Spatial matching

Wavelet matching
Clever copy

— Design and manipulate statistical constraints.
—— Use statistical constraints for other imaging problems.



" Overview

e Wasserstein Distance

e Sliced Wasserstein Distance

e Color Transfer

e Regularized Color Transfer

e Texture Synthesis

« Wasserstein Barycenter for Texture Mixing

e Gaussian Texture Models



Discrete Distributions
N—1

Discrete measure: (U = Z pidx, X, e R Z p; =1
i=0 i
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Constant weights: p;, = 1/N.
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N—1
Discrete measure: (U = Z pidx, X, e R Z p; =1
i=0 i
Point cloud
Constant weights: p;, = 1/N.

Histogram
Fixed positions X; (e.g. grid)

A

(© ) (© )
.. Xz
@ o°

Affine space:

1pi)i \ 2pi =1}

Quotient space:
RNXCZ/ZN



Discretized image f € RV*d

N = #pixels, d = #colors.



Discretized image f € RV*d

N = #pixels, d = #colors.

Disclamers: images are not distributions.

— Needs an estimator: f > [Lf
— Modity f by controlling g ¢.
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Discretized image f € RV*d

N = #pixels, d = #colors.

Disclamers: images are not distributions.

— Needs an estimator: f > [y
— Modity f by controlling g ¢. Ao v ©
oA\

.O:... Qo

Point cloud discretization: pf = E 0 f; ° '.. o®
p o9 o

o ®© o0

e ©°

Histogram discretization: gy = Z Pildx,
i

Z

1
Parzen windows: p; = - Z (i — [;)
f =
J




rom Images to Statistics

Discretized image f € RN x4 a0

N = #pixels, d = #colors.

Disclamers: images are not distributions.

— Needs an estimator: f > [Lf

— Modity f by controlling g ¢. S

Histogram discretization: pur = Z Piox,
i

Z

1
Parzen windows: p; = - Z (i — [;)
f =
J




Optimal Transport Distances

Grayscale: 1-D

Vector X € RV*4 —— MX-Z5X —— o>
(image, coefficients, ...) Colors: 3-D
BA
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Optimal Transport Distances

Grayscale: 1-D

Vector X € RV*d — MX-Z5X ———o%>
(image, coefficients, ...) Colors: 3-D
BA ¢ e®
Optimal assignment: :§3
o* € argmin Z | X — Y0P ®° P
oEXN - >




.|E' Optimal Transport Distances

Grayscale: 1-D

Vector X € RV*d — MX-Z5X ———o%>
(image, coefficients, ...) Colors: 3-D
| | BA ¢ e®

Optimal assignment: . §3
o* € argmin Z | X — Y0P ®° P
oEXN - >

Wasserstein distance: Wy (ux, py )? = Z | X = Yor ([P

—— Metric on the space of distributions.



| .|E' - Optimal Transport Distances

Grayscale: 1-D

Vector X € RV*d — MX-Z5X ———o%>
(image, coefficients, ...) Colors: 3-D
| | BA ¢ e®

Optimal assignment: . §3
o* € argmin Z | X — Y0P ®° P
oEXN - >

Wasserstein distance: Wy (ux, py )? = Z | X = Yor ([P

—— Metric on the space of distributions.

Projection on statistical constraints: C = {f \ pr = py}
Proj.(f) =Y oo”



' .|E' Computing Transport Distances

Explicit solution for 1D distribution (e.g. grayscale images):

°® Y,
— sorting the values, O(N log(/N)) operations.




mmputing Transport Distances Eldj

Explicit solution for 1D distribution (e.g. grayscale images):

°® Y,
— sorting the values, O(N log(/N)) operations.

Higher dimensions: combinatorial optimization methods
Hungarian algorithm, auctions algorithm, etc.
— O(N®/?1og(N)) operations.

— intractable for imaging problems.



Mmputing Transport Distances :i-i

Explicit solution for 1D distribution (e.g. grayscale images):

°® Y,
— sorting the values, O(N log(/N)) operations.

Higher dimensions: combinatorial optimization methods

Hungarian algorithm, auctions algorithm, etc.
— O(N°/21log(N)) operations.
— intractable for imaging problems.

Arbitrary distributions: [ = Z Pidx, V= Z q; 0y,

— W, (u, )P solution of a linear program.



.Convex Formulation

Probabilistic coupling: U = Z DPi0X, V= Z q; 0y,

M,,={PeRVN\ P>0, Pl=np, P’l—q}
Linear programming (Kantorovitch):

P* € argmm (P, C') ZC’”PL7
Pell, i
= |X; ~ Y57

W, v)? = (P*, C)



k. Convex Formulation

Probabilistic coupling: U = Z DPi0X, V= Z q; 0y,

M,,={PeRVN\ P>0, Pl=np, P’l—q}
Linear programming (Kantorovitch):

P* € argmm (P, C') ZC’”PL7
Pell, i
= |X; - Y|P |

W(u, v)P = (P*, C)

If p, = q; = 1/N, extremal points: 0

Permutation matrices: P = P, = (6;_y(;))i.j

Theorem: P* = P«




m\ r.Convex Formulation -

Probabilistic coupling: U = Z DPi0X, V= Z q; 0y,

M,,={PeRVN\ P>0, Pl=np, P’l—q}
Linear programming (Kantorovitch):

P* € argmm (P, C') ZC’”PL7
Pell, i
= |X; - Y|P |

W(u, v)P = (P*, C)

If p, = q; = 1/N, extremal points: 0

o
Permutation matrices: P = P, = (¢,_ o (5) )7, j

Theorem: P* = P«

Faster methods: Hungarian algorithm, auctions algorithm, etc.

— O(N®/?log(N)) operations. — intractable for imaging.



.|E' Optimization Codes

Discrete optimal transport:
P* € argmin (P, C) ZC’UPJ

Pelly .
. 10° Network Sim Ilex fixed point .
Linear program: Network Simplox (double prec) .+
Transport Simplex P
» y=ax2 P
. . §1o°—"'y=6><3 ‘

— Interior points: slow. :

— Network simplex. g

— Transportation simplex. ,

wie?? [Bonneel et al. 2011]
10" 10° 10° 10*

Problem size : number of bins per histogram

Block search pivoting strategy [Kelly and O’Neill 1991]



Input measures /i, v on R?. /\/\/:

Couplings: me€ll,, ¥z
VA CRY (A x RY) = u(A) Yo
VB C RY m(R?Y x B) = v(B) f

.




' .|E' Continuous Wasserstein Distance

Input measures /i, v on R?. /\_/\/:

Couplings: me€ll,, ¥z
VA CRY (A x RY) = u(A) Yo
VB C RY m(R?Y x B) = v(B) f

Transportation cost: -

c(z,y) = |v —y|”

LP Wasserstein distance:

W, (1, v)? = min / (2, y)dr(z, )
Rd xRd

well,, o



-~ Continuous Wasserstein Distance

Input measures /i, v on R?. /\_/\/:

Couplings: w €

VACRY (A xRY) = p(A) Y
VB C RY, n(RY x B) = v(B) y

Transportation cost: -

C(CIS, y) —

11,0 *z

z —y||?

LP Wasserstein ¢

Wp(:ua V)p

1stance:

= 1nin / c(x,y)dn(z,y)
R x R4

well,, o

Uniqueness: (u does not vanish on small sets)

If p > 1, d'7 optimal.



LContinuous Optimal Transport

Let p > 1 and p does not vanish on small sets.
Unique m € 1L, st Wy (p, v)" = / c(z,y)dn(z,y)
R4 x R4
Optimal transport T : RY — R%:
7 is supported on the graph of z — y = T'(x).

dm(z,y) = du(z)o(y = T'(z))




” .|'E' Continuous Optimal Transport

Let p > 1 and p does not vanish on small sets.

Unique m € 11, , s.t. Wy (u,v)P = / c(x,y)dr(z,y)
Rd x R4

Optimal transport T : RY — R%:
7 is supported on the graph of z — y = T'(x).

dm(z,y) = du(z)o(y = T'(z))

p = 2: T = Vy unique solution of

(Vo)ip =v

{ @ 1s convex l.s.c.




” .|'E' 1-D Continuous Wasserstein

Distributions u, v on R.

t
Cumulative functions: Cu(t) = / du(x)

Forallp>1: T=C,'0C,

T is non-decreasing ( “change of contrast”)



} .|5' - 1-D Continuous Wasserstein

Distributions u, v on R.

t
Cumulative functions: Cu(t) = / du(x)

Forallp>1: T=C,'0C,

T is non-decreasing ( “change of contrast”)

Explicit formulas:

1
Wﬂmﬂ“zﬂ!@f—CfW ] ,

wamj@%—@bW%—@HMh




m- ontinuous Histogram Transfer ﬂ‘:

Input images: f; : [0,1]° — [0,1],7 = 0, 1. . )“}‘




Input images: f; : [0,1]° — [0, 1], 4

Gray-value distributions: u; defined on |0, 1].

i((a,b]) = / Lac e (2
0,1]2




Input images: f; : [0,1]* — [0,1],7 =0, 1.
Gray-value distributions: u; defined on |0, 1].

i((a,b]) = /[ Hossen (2)de
0,1]2

. . L _1
Optimal transport: T'= C ~ o C),.




iscrete Histogram Transfer

Discretized grayscale images fo, f1 € RY.
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Discretized grayscale images fo, f1 € RY.

Discrete distributions p; = py, = N=1Y ", 8¢, )




LDiscrete Histogram Transfer

Discretized grayscale images fo, f1 € RY.

Discrete distributions p; = py, = N=1Y ", 8¢, )

Sorting the values : 0; € X s.t. fi(oi(k)) < fi(oi(k+1)).
Optimal transport: T : fo(og(k)) — f1(o1(k))




" Discrete Histogram Transfer

Discretized grayscale images fo, f1 € RY.

Discrete distributions p; = py, = N=1Y ", 8¢, )
SOI‘tiDg the values : O; © EN S.T. fz(O'Z(k)) < fz(O'z(k -+ 1))
Optimal transport: T : fo(og(k)) — f1(o1(k))




Discrete Histogram Transfer

Discretized grayscale images fo, f1 € RY.

Discrete distributions p; = py, = N=1Y ", 8¢, )
Sorting the values : 0; € X s.t. fi(oi(k)) < fi(oi(k+1)).
Optimal transport: T : fo(og(k)) — f1(o1(k))

[a,TI] = sort(£f0(:));
fO(I) = sort(f1(:));

Matlab code:




Smooth distributions: @i = pi(z)dx
Thpuo =1 <= p1(T'(z))|det T (x)| = po(x)



” .|'E' PDE Formulations

Smooth distributions: pi = pi(x)dx
Thpo = = p(T(x))|det IT(z)| = po(z)
L? optimal transport map T = Vi
p1(Vip(z))det(Hp) = po(x) (Monge-Ampere)



m .P‘: . PDE Formulations n"-

Smooth distributions: i = pi(r)dx
Tpo =1 <= p1(T(z))|det IT(2)| = po(z)
L? optimal transport map T = Vi
p1(Vip(z))det(Hp) = po(x) (Monge-Ampere)

Fluid dynamic formulation: find p(x,t) > 0, m(x,t) € RY

W (po, 1) —mm/ / Ldls s.t. Op v -m=0
Rd (07 ) — P05 /0(17 ) = P1

— Finite element discretization |Benamou-Brenier]




m .P‘: . PDE Formulations n"-

Smooth distributions: i = pi(r)dx
Tpo =1 <= p1(T(z))|det IT(2)| = po(z)
L? optimal transport map T = Vi
p1(Vip(z))det(Hp) = po(x) (Monge-Ampere)

Fluid dynamic formulation: find p(x,t) > 0, m(x,t) € RY

W (po, 1) —mm/ / Ldls s.t. Op v -m=0
Rd (07 ) — P05 /0(17 ) = P1

— Finite element discretization |Benamou-Brenier]

Related works of [Tannenbaum et al.].



m\ .if'ﬁ Image Registration

',_.,#_L B :
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lur Rehman et al, 2009



| .F' - Overview

e Wasserstein Distance

e Sliced Wasserstein Distance

e Color Transfer

e Regularized Color Transfer

e Texture Synthesis

« Wasserstein Barycenter for Texture Mixing

e Gaussian Texture Models



Key idea: replace transport in R? by series of 1D transport. e
[Rabin, Peyré, Delon & Bernot 2010] . _ .

1

Projected point cloud: Xy = {(Xj;, 0)};.




Key idea: replace transport in R? by series of 1D transport. e
'Rabin, Peyré, Delon & Bernot 2010] . o .

Projected point cloud: Xy = {(Xj;, 0)};. Q
Sliced Wasserstein distance: (p=2) _ ‘ ‘::
-‘_‘ ‘
@
SW(px, py)* = W (px,, py, ) dO o ©

[0]=1



m}ﬂproximate Sliced Distance -

Key idea: replace transport in R? by series of 1D transport. X
[Rabin, Peyré, Delon & Bernot 2010 2 _e ®

Projected point cloud: Xy = {(Xj;, 0)};. Q
Sliced Wasserstein distance: (p=2) _ ‘ ‘::
-‘_‘ ‘
@
SW (px, py)* = W (kxq pyy )20 o o
[6]=1

Theorem: E(X) = SW(ux,py)? is of class C' and
VE(X) = /(XZ — Y., ), 0)0do.
0

where oy € X are 1-D optimal assignents of Xy and Yp.




m}ﬁproximate Sliced Distance E-E

Key idea: replace transport in R? by series of 1D transport. e
[Rabin, Peyré, Delon & Bernot 2010 2 _e ®

1

Projected point cloud: Xy = {(Xj;, 0)};. °:
Sliced Wasserstein distance: (p=2) _ ‘ ‘::
-‘_‘ ‘
@
SW (px, py)* = W (kxq pyy )20 o o
[6]=1

Theorem: E(X) = SW(ux,py)? is of class C' and
VE(X) = /(XZ — Y., ), 0)0do.
0

where oy € X are 1-D optimal assignents of Xy and Yp.

— Possible to use SW in variational imaging problems.

—— Fast numerical scheme : use a few random 6.



m, -ﬁ'— liced Assignment n"j

Theorem: X is a local minima of E(X) = SW (ux, py)?
&~ doe Xy, X=Yoo




m&e_d Assignment ﬂ'i

Theorem: X is a local minima of E(X) = SW (ux, py)?
&~ doe Xy, X=Yoo

Stochastic gradient descent of E(X):
E Step 1: choose © at random. FEgo(X) = Z W (Xe,Yp)?
Step 2: XU+ = X _ 79 Eg(x®))  9€°



" - liced Assignment

Theorem: X is a local minima of E(X) = SW (ux, py)?
&~ doe Xy, X=Yoo

Stochastic gradient descent of E(X):
E Step 1: choose © at random. FEgo(X) = Z W (Xe,Yp)?
Step 2: XD = xO _ 7VEg (X)) <°

X converges to C = {X \ ux = uy}.




- -5.~ liced Assignment

Theorem: X is a local minima of E(X) = SW (ux, py)?
&~ doe Xy, X=Yoo

Stochastic gradient descent of E(X):
E Step 1: choose © at random. FEgo(X) = Z W (Xe,Yp)?
Step 2: XD = xO _ 7VEg (X)) <°

X converges to C = {X \ ux = py}. Final assignment
_ WoldioF/ [/




m_erview -

e Wasserstein Distance

e Sliced Wasserstein Distance

e Color Transfer

e Regularized Color Transfer

e Texture Synthesis

« Wasserstein Barycenter for Texture Mixing

e Gaussian Texture Models



Color Histogram Equalization

1
Input color images: f; € RN*3. Vi = N Z 0f,(x)

1 0
gt }' v«
£ s
- o




d - Color Histogram Equalization .
1

Input color images: f; € RN*3. Vi = N Z 0f,(x)
Optimal assignement: Iélgl | fo — f1o0o]
OCXLN




L - Color Histogram Equalization =
1

Input color images: f; € RN*3. Vi = N Z 0f,(x)
Optimal assignement: Iélgl | fo — f1o0o]
OCXLN

Transport: T : fo(x) €R? — fi(c(i)) € R




L - Color Histogram Equalization =
1

Input color images: f; € RN*3. Vi = N Z 0f,(x)
Optimal assignement: Iélgl | fo — f1o0o]
OCXLN

Transport: T : fo(x) €R? — fi(c(i)) € R
Equalization: fo =T(fy) <= fo = fio0




' .|E' Sliced Wasserstein Transfert

Solving mizn | fo — f1 00| is computationally untractable.
OC2LN

Approximate Wasserstein projection:

fo solves min E(f) = SW (uy, f15,)

and is close to f



liced Wasserstein Transfert

Solving mizn | fo — f1 00| is computationally untractable.
OC2LN

Approximate Wasserstein projection:

fo solves min E(f) = SW(ps. g, )

and is close to f

(Stochastic) gradient descent:
f (0) — fO
f(€+1) _ f(ﬁ) — TgVE(f(ﬁ)) & X
O f el

At convergence: M7 = [f,



......
e 7

1
Input image fy

‘._’

27,
-

Transfered image fo

Target image f;



L. Color Exchange

~

Transfered image f Transfered image f;




| .F' - Overview

e Wasserstein Distance

e Sliced Wasserstein Distance

e Color Transfer

e Regularized Color Transfer

e Texture Synthesis

« Wasserstein Barycenter for Texture Mixing

e Gaussian Texture Models



Transfert: fo — T(fo)
T : R? — R3 not regular.

— T amplifies noise.

Target image .fl Transtered image fO



\ .|5' - Wasserstein Fidelity in Imaging

Variational regularization: E(f) = SWa(uy, V)?
- 2 target
mfm §”f = JolP |+ [AR(D) +{HE(f) | (%) distribution
Data fidelity Regularization
F(f)

Total variation regularization: R(f) = Z IV£f(z)|



: .|E‘ Wasserstein Fidelity in Imaging ﬂ'é

Variational regularization: E(f) = SWa(uy, V)?
- 2 target
mfm §”f = JolP |+ [AR(D) +{HE(f) | (%) distribution
Data fidelity Regularization
F(f)
Smooth Non-smooth

Total variation regularization: R(f) = Z IV£f(z)|

Forward-backward proximal algorithm:

FD = Proxoar (£ = r(VE(f) + uVE(f*))
where  Prox,(f) = argmin 2| — gI? + nR(g)
g

— converges to a local minimum of (%)



N




m:- éegularized Color Transfer ﬂ'f

Here v = p ¢,

A

Original images



| Original images




m' .if“ .Overview ﬂj

e Wasserstein Distance

e Sliced Wasserstein Distance

e Color Transfer

e Regularized Color Transfer

e Texture Synthesis

« Wasserstein Barycenter for Texture Mixing

e Gaussian Texture Models



Textures Ensembles
Sets of constraints {C;};.  Texture ensemble: 7 =[;(;

Fixed energy: C; ={f \ | f| = 1}.
Fixed histograms: C; ={f \ uy =v}

— Spacial constraints.




Textures Ensembles
Sets of constraints {C;};.  Texture ensemble: 7 =[;(;

Fixed energy: C; ={f \ | f| = 1}.
Fixed histograms: C; ={f \ uy =v}

Sobolev: C; = {f\ JIVFI? < }
TV: Cz—{f\f”Vf”\ }

— Spacial constraints.

— Smoothness constraints.




| Textures Ensembles
Sets of constraints {C;};.  Texture ensemble: 7 =[;(;

Fixed energy: C; ={f \ | f| = 1}.
Fixed histograms: C; ={f \ uy =v}

Sobolev: C; = {f\ JIVFI? < }
TV: Cz_{f\f”Vf”\ }

— Transformed domain constraints on ¥ f = {(f, V) }m
= {f \ Vw, |f(w)] = cw} (see the work of Bruno Galerne)

Ci={f\ X I{fs ¥m)] <7} (Besov)
Ci=1{f\ puy=v}

— Spacial constraints.

— Smoothness constraints.




Textures Ensembles
Sets of constraints {C;};.  Texture ensemble: 7 =[;(;

Fixed energy: C; ={f \ | f| = 1}.
Fixed histograms: C; ={f \ uy =v}

— Spacial constraints.

Sobolev: C; = {f \ [IVfI? < T}
TV. Ci={f\ JIVfI<T]

— Transformed domain constraints on ¥ f = {(f, V) }m
C; = {f \ Vw, |f(w)| = cw} (see the work of Bruno Galerne)

Ci ={f\ 2 I{fs ¥m)| <7} (Besov)
Ci ={f \ pwy =v}

— Higher order statistical constraints on W f

C; = {f \ Curtosis(Vf) < 7}.

— Smoothness constraints.

Correlations, pairwise histograms, etc.



m:- 2ynthesis Using Iterative Projectionsn":

Distribution in 7 with maximal entropy: uniform distribution.

Synthesis: draw f € 7 uniformly at random. |Zhu,Mumford
— computationaly untractable, needs Gibbs sampler.




m:- 2ynthesis Using Iterative Projectionsn'i

Distribution in 7 with maximal entropy: uniform distribution.

Synthesis: draw f € 7 uniformly at random. |Zhu,Mumford
— computationaly untractable, needs Gibbs sampler. f(())
@

Approximation #1: project noise on 7.

[Portilla, Simoncelli




nthesis Using Iterative Projections

Distribution in 7 with maximal entropy: uniform distribution.

Synthesis: draw f € 7 uniformly at random. |Zhu,Mumford
— computationaly untractable, needs Gibbs sampler. f(())
9

Approximation #1: project noise on 7. -

[Portilla, Simoncelli

Approximation #2: use iterative projections.

fEFD = Proje, ()

Local convergence under conditions on C;.

[Lewis, Malick, Luke



m- ﬂultiscale Statistical Constraints i!l'i

Input exemplar: fo € RV*4, (gray d =1, color d = 3)

Exemplar fy
DR R




m-;- Multiscale Statistical Constraints ﬂ'f

Input exemplar: fy € RV*4, (gray d =1, color d = 3)

Oriented multiscale transform: — To(f) = f
\V/izl,...,l, Tz(f):f*wz




ultiscale Statistical Constraints

Input exemplar: fy € RV*4, (gray d =1, color d = 3)

Oriented multiscale transform: — To(f) = f
\V/izl,...,[, Tz(f):f*wz

Learning the model: Vi = T, (fo)

Exemplar f

s f




m:- ﬂultiscale Statistical Constraints ﬂ'i

Input exemplar: fy € RV*4, (gray d =1, color d = 3)

Oriented multiscale transform: — To(f) = f
\V/izl,...,[, Tz(f):f*wz

Learning the model: Vi = T, (fo)

Statistical constraints: Ci = {f \ KT (f) = Vi}

Exemplar f
= S 1\ N
.




Svnthesis Method

Synthesized texture: stationary point of

K
E(f) =Y Walur,p)vi)?

1=0



\ .|5' -Svynthesis Method

Synthesized texture: stationary point of

K
E(f) = ZWZ(MTi(f)a Vi)’
i=0
Randomized sampling of stationary point:

f(O) ~ N(0,1d) f(€+1) _ f(f) _ Tgvg(f(ﬁ))



nthesis Method

Synthesized texture: stationary point of

K
E(f) = ZWQ(MTi(f)a Vi)
i=0
Randomized sampling of stationary point:

FO ~ N(0,1d) FEHY = O _ 7, vE(F0)







Local neighborood N: @—@

Joint distribution



Local neighborood N: @—@
Higher-dimensional transforms:

Ti :RNXCZ —>RNXd|N|
where y=T(f)  i=T(f)
y(z) = (y(z + k))ken

Joint distribution



Local neighborood N
Higher-dimensional transforms:

Ti . RNxd _, RNxd|J\/'|
where y=T,(f)  §="Ti(f)
J(z) = (y(x + k))ren




” .|'=" Overview

e Wasserstein Distance

e Sliced Wasserstein Distance

e Color Transfer

e Regularized Color Transfer

e Texture Synthesis

e Wasserstein Barycenter for Texture Mixing

e Gaussian Texture Models



7
Barycenter of {(u;, p;) 2 ;: Zﬂi = O
M >/¥;

L p N
° C\;\
p* € argmin Y piWa(ps, p)° j
H i=1 °®
,LLl ‘..
O * 2.
Sen ) R
03@*
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— (Generalizes Euclidean barycenter.



MSserstein Barycenter

Barycenter of {(u;, p;) 2 ;: Z Pi

L
p* € argmin Y piWa(ps, p)°
H i=1

— (Generalizes Euclidean barycenter.

Theorem: [Agueh, Carlier, 2010]
if 1o does not vanish on small sets,
™ exists and is unique.




Case L = 2:
pe € argmin (1 — 6)Wa(po, p)* + tWa(pa, p)?

7
/l.l//f*/" o’
t — py 1s the geodesic path. %
./A.ﬁc




| .|E' -Special Case: 2 Distributions

Case L. = 2:

pe € argmin (1 — 6)Wa(po, p)* + tWa(pa, p)?
L




” .|'E' Weighted Discrete Case

Linear program: Zk 1 pi(k)ox, (k)

P* € argmin ZPk (| Xo(k) = Y1(0)]
PEHMO H1 o k4




A .|E‘ -Weighted Discrete Case

Linear program: Zk 1 pi(k)ox, (k)
P* € argmin Zpk | Xo (k) — Y1 ()|
Pellug.p g

Theorem: [Folklore] |{(k,¢)\ P},} # 0| < No+ Ny — 1.




| .|E' -Weighted Discrete Case

Linear program: Zk 1 pi(k)ox, (k)

P* € argmin ZPk (| Xo(k) = Y1(0)]
PEHMO H1 o k4

Theorem: [Folklore] |{(k,¢)\ P},} # 0| < No+ Ny — 1.

Barycenter: p; = Z Pl i0(1—4)x,+tY;
2,]
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R”g .if": Weighted Discrete Case

Linear program: i = Z]kvzl pi(k)éXi(k)

P* € argmin Zf’k (| Xo(k) = Y1(0)]
PEHMO H1 o k4

Theorem: [Folklore] |{(k,¢)\ P},} # 0| < No+ Ny — 1.

Barycenter: p = Z 5(1—1;)Xi—|—th ..---

°:021 o » I
PRRNE
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0 'Bonneel et al. 2011]




Special Case : 1-D Distributions

N
Discrete 1-D point clouds: i = Zkzl 5X,L-(k)a

Ordering the points: X, (k) < X;(k+ 1)
— O(N log(N)) operations.




Special Case : 1-D Distributions

N
Discrete 1-D point clouds: i = Zkzl 5Xi(k)7

Ordering the points: X, (k) < X;(k+ 1)
— O(N log(N)) operations.

@ 00 L
Barycenter: nr = Z 0x* (k) L o
where  X*(k) = ZPin'(k) - o-o-0—




| .|E' -Special Case : 1-D Distributions

N
Discrete 1-D point clouds: i = Zkzl 5Xz-(k:)7

Ordering the points: X, (k) < X;(k+ 1)
— O(N log(N)) operations.

arycenter: — X*(k) : s N
where  X*(k) = ZpiXi(k) @ -0-0—
i —© 00— |~

: L. : 1 =1
Continuous distributions: C, = Z piC,.

— averaging the inverse cumulatives.



Linear Programming Resolution

Discrete setting:  Vi=1,...,L, p; = Zk 5X7;(k)




' .|E' Linear Programming Resolution

Discrete setting:  Vi=1,...,L, p; = Zk 5Xi(k)

L-way wnteraction cost:

C(ky,... k) =22, pipil Xi(ki) — X5 (ks)|?




| .|E' -Linear Programming Resolution

Discrete setting:  Vi=1,...,L, p; = Zk 5Xi(k)

L-way wnteraction cost:

Clhy,. k) =X 5 pips| Xalki) = X;(kp)[> 2. =1
-y
L-way coupling matrices: P e Py 5
------ ::....7
> =1 =/
»? V
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.|E‘ -Linear Programming Resolution

Discrete setting:  Vi=1,...,L, p; = Zk 5Xi(k)

L-way wnteraction cost:

A

L-way coupling matrices: P € Pr, :
AT

Linear program: Yo=1iL -/

V
' P .
Jmin k Zk %y C(K1, .. kL)
loeeesiv],




m"_ear Programming Resolution 3'5

Discrete setting:  Vi=1,...,L, p; = Zk 5Xi(k)

L-way wnteraction cost:

7
L-way coupling matrices: P € Pr, :
AT
Linear program: Y=t -/
. V
PH€117£1L Z Pkl,...,kLC(klw")kL)
ki,....kL
Barycenter:
W= Z Pry ok OX*(ky o k)
ki,....kL

X* (1, ke) = 30,0, piXa(k:)



L-ways Assignments

Numerical issues: — p* is a weighted cloud.

— up to N¥ points.

N
Point clouds of fixed size: 1 = Z Ox(k) € ON
k=1



| .|E' -1 -ways Assignments

Numerical issues: — p* is a weighted cloud.

— up to N¥ points.

Point clouds of fixed size: 1 = Z Ox(k) € ON

k=1
Restricted barycenter: min Y. p;Wa(pi, 1)?
HEO N
min Py, k., Clk1,....k
— PePy, klz Fo b 1 )
PL—{PU\O__(O-MHW ) (EN) }

0 otherwise.

o 1 if ElCL,\V/i,kiZO'iCL,
Pkl,...,k :{ ( )



m' .if“ L-ways Assignments

Numerical issues: — p* is a weighted cloud.

— up to N points.

Point clouds of fixed size: 1 = Z Ox(k) € ON

k=1
Restricted barycenter: min Y. p;Wa(pi, 1)?
HEO N
min Py, k., Clk1,....k
— PePy, klz : - 1 )
PL—{PU\O__(O-MHW ) (EN) }

0 otherwise.

o 1 if ElCL,\V/i,ki:O'iCL,
Pkl,...,k :{ ( )

— P is not the convex hull of Py.

— L-way assignment is NP-hard.



Sliced Wasserstein Barycenter

Sliced-barycenter:  tx that solves

min Zpi SW(px, px,)’



' .|E' Sliced Wasserstein Barycenter

Sliced-barycenter:  tx that solves
min Zpi SW(px, px,)’
Gradient descent: Ei(X)=SW(ux,px,)?

L
X — x4, ZinEZ.(X(@))
i=1



m' .if“ Sliced Wasserstein Barycenter ﬂ'é

Sliced-barycenter:  tx that solves
min Zpi SW (px, pix,)”
Gradient descent: Ei(X)=SW(ux, ux,)*

L
X — x4, ZPiVEz‘(X(@)
i=1

Advantages:
tx 1s a sum of IV Diracs.

Smooth optimization problem.

Disadvantage:

Non-convex problem
— local minima.



liced Wasserstein Barycenter

Sliced-barycenter: — fx that solves
min Zm SW(px, px,)’
Gradient descent: Ei(X)=8SW(ux, ix, )’

L
X — x0 _ o, ZinEZ.(X(ﬁ))

i=1
Advantages:

tx 1s a sum of IV Diracs.

Smooth optimization problem.

Disadvantage:

Non-convex problem
— local minima.
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igher-order Synthesis

75
/ i #:

7,
7,
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| .F' - Overview

e Wasserstein Distance

e Sliced Wasserstein Distance

e Color Transfer

e Regularized Color Transfer

e Texture Synthesis

« Wasserstein Barycenter for Texture Mixing

e Gaussian Texture Models



m- Gaussian Texture Model :}-E

Input exemplar:  fo € RY*4 N,
d =1 (grayscale), d = 3 (color)

-
—— -

— N,
Images V1 Videos




Input exemplar:  fo € RY*4

d =1 (grayscale), d = 3 (color)

Gaussian model:
X ~pu=N(m,X)

Nxd NdxNd
m € RY*% ¥ e RV~

s J N,
Videos




m; : sGaussian Texture Model ::!l.i

Input exemplar:  fo € RY*4 N,
d =1 (grayscale), d = 3 (color)

Gaussian model:

X ~pu=N(m,X)
ERNXd ) ERNdXNd

—— J N,
Videos

Texture analysis: from fo € RN*4 learn (m, ).
— highly under-determined problem.



Input exemplar:  fo € RY*4

d =1 (grayscale), d = 3 (color)

-/

Gaussian model: e
— Ay
X~ = N(mv Z) 1

Images V1 Videos
m € RNXd, = RNCZXNCZ

Texture analysis: from fo € RN*4 learn (m, ).
— highly under-determined problem.

Texture synthesis:
given (m, X)), draw a realization f = X(w).

— Factorize ¥ = AA* (e.g. Cholesky).
— Compute f = m + Aw where w drawn from N (0,1d).



Spot Noise Model [Galerne et al.]

Stationarity hypothesis: (periodic BC) X(-+7) ~ X



} .|5' - Spot Noise Model [Galerne et al.]

Stationarity hypothesis: (periodic BC) X(-+7) ~ X

Block-diagonal Fourier covariance:
Y = Zf computed as  Y(w) = X(w)f(w)

szlwlﬂ' 21w2w27r
where E f(x N1 N2




.|E‘ -Spot Noise Model [Galerne et al.]

Stationarity hypothesis: (periodic BC) X(-+7) ~ X

Block-diagonal Fourier covariance:
Y = Zf computed as  Y(w) = X(w)f(w)

szlwlﬂ' 21w2w27r
where E f(x N1 N2

Mazximum likelihood estzmate (MLE) of m from fy:

Zfo ) € R?



Mt Noise Model [Galerne et al.] E'E

Stationarity hypothesis: (periodic BC) X(-+7) ~ X

Block-diagonal Fourier covariance:
Y = Zf computed as  Y(w) = X(w)f(w)

2zm1w17'r 21w2w27r
where E f(x)e M N>

Mazximum likelihood estzmate (MLE) of m from fy:

Zfo ) € R

MLE of 2: 245 = Zfo(‘i +2)* fo(j +x) € R4



Mt Noise Model [Galerne et al.] E'E

Stationarity hypothesis: (periodic BC) X(-+7) ~ X

Block-diagonal Fourier covariance:
Y = Zf computed as  Y(w) = X(w)f(w)

2zw1w17'r 21w2w27r
where E f(x N1 N2

Mazximum likelihood estzmate (MLE) of m from fy:

Zfo ) € R?

MLE of ¥: % :—Zfo z)* fo(j + z) € RIX4

= Vw#0, 2AJ(W)Zfo(w)fo(w) c C

Y is a spot noise <= Vw # 0, S(w) is rank-1.



xample of Synthesis

— Convolve each channel with the same white noise.

Input fp € RV*3 Realizations f



Gaussian Wasserstein Distance

Input distributions (uq, p1) with p; = M(m;, ;).
Ellipses: & = {u\ (m; — 2)*S; ' (m; — x) < ¢}

1

o A



. Gaussian Wasserstein Distance

Input distributions (uq, p1) with p; = M(m;, ;).
Ellipses: & = {u\ (m; — 2)*S; ' (m; — x) < ¢}

1

@
>
Unique transport: ker(Xg) NIm(X;) = {0}

L? optimal transport: affine map

T :u—Tu+mqy —mg
T =3x?5¢%) Yo1 = (217805, %)1/?



_F~.Gaussian Wasserstein Distance

Input distributions (uq, p1) with p; = M(m;, ;).
Ellipses: & = {u\ (m; — 2)*S; ' (m; — x) < ¢}

1

@
>
Unique transport: ker(Xg) NIm(X;) = {0}

L? optimal transport: affine map

T :u—Tu+mqy —mg
T =%,/58,5) Yo1 = (51 "2, *)V/
One has Tty = 1 and 7 = Vi where ¢ is convex.



_.Gaussian Wasserstein Distance

Input distributions (uq, p1) with p; = M(m;, ;).
Ellipses: & = {u\ (m; — 2)*S; ' (m; — x) < ¢}

1

@
>
Unique transport: ker(Xg) NIm(X;) = {0}

L? optimal transport: affine map

T :u—Tu+mqy —mg
T =%,/58,5) Yo1 = (51 "2, *)V/
One has Tty = 1 and 7 = Vi where ¢ is convex.

Wasserstein L? distance:

W2(M07 M1)2 = tr (ZO + 21 — 220,1) + Hmo — m1H2,



F—.Gaussian Wasserstein Geodesics

vte[0,1], T =(1—t)Id+tT

//IIO

OT geodesic: s = Tefipo = N (my, Zt)
= (1 — t)mo + tmy
Yo = [(1 —t)Id 4+ tT)30[(1 — t)Id + tT]

— the set of Gaussians is geodesically convex.



_F~Gaussian Wasserstein Geodesics

vte[0,1], T =(1—t)Id+tT

//IIO

OT geodesic: s = Tefipo = N (my, Zt)
= (1 — t)mo + tmy
Yo = [(1 —t)Id 4+ tT)30[(1 — t)Id + tT]

— the set of Gaussians is geodesically convex.

Variational caracterization: (W2 is a geodesic distance)

pe = argmin (1 — £)Wa (o, 1) + tWa(p, i)
L4



Geodesic of Spot Noises =y

Theorem: Let for i = 0,1, u; = p(f!%) be spot noises,
e, ¥;(w) = fi(w)fil(w)*. Then Vt € [0,1], e = p(fH)
FI = (1 — ) 70 4 ¢gl1]
A A FAI()* FI01 ()
g1V () = fl(w) LT )
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Mdesic of Spot Noises

Hw) = fH(w)

Theorem: Let for ¢ =0,
e, Si(w) = fll(w) i (w)*.
f[t] = (1— t)f[o] + tg[ )

1, u; = u(f%) be spot noises,
Then V¢ € [0,1], pe = p(f1Y)

f (w)* f1 (w)

\f | (w)* O (w)]
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Information Geometry Barycenters .'.h
Input distributions: p; = N (0,%;)

Rao Wasserstein
o ), = v S i
[log(2g /“S15, )| Yo1 = (2175022

Diagonal 3; = diag(\%)x

d(po, p1)* = Y5 1og(A)/AR)? 2k (\@ - \/T,g)

— Rao’s distance requires full rank covariances.
— Case m; # 07



Information Geometry Barycenters .'.h
Input distributions: p; = N (0,%;)

Rao Wasserstein
d(,u() ,ul) — tr (ZQ + 21 — 220,1)
s —1/2 —1/2
[log(3g /25155 2|2 So1 = (8)/7505)/%)?
Barycenter pu; = N (0, %) Y, = T,507T,

% = 50 2(5 s, Ay | T = (1 - 0)ld + 5,75 2y
Diagonal 3; = diag(\%)x 5
d(po, 1) = Y, log(AL/AL)? 2 (V Ak = v Allc)
Ao = () )" VAL = L=t/ X+ 1t/

— Rao’s distance requires full rank covariances.
— Case m; # 07



OT Barycenters

Input distributions (u;)ier with p; = N (m;, X;).

p* = argmin »  piWa(ps, p)?
H iel



R”g 'iE-I[ OT Barycenters aj

Input distributions (u;)ier with p; = N (m;, X;).

p* = argmin »  piWa(ps, p)?
H iel

Theorem: |Carlier, Agueh] If ¥y has full rank,
p* is unique and p* = N (m*, ¥*) where
M= e P

1/2
S =9(2%) where B(X) =Y p, (21/227;21/2)
€1




R‘JK iE-E OT Barycenters aj

Input distributions (u;)ier with p; = N (m;, X;).

p* = argmin »  piWa(ps, p)?
H iel

Theorem: |Carlier, Agueh] If ¥y has full rank,
p* is unique and p* = N (m*, ¥*) where
m* =) s P

1/2
S = ®(X*) where ¥(Z) =Y p (21/227;21/2)
€1

Numerical scheme: YUt — q)(z(g))
Conjecture: L) — ¥*.



2-D Gaussian Barycenters

......

Euclidean Optimal transport Rao



.|E' Rank-1 Wasserstein Barycenters

Rank-1 barycenter wu*: u =) . pic;u;
— Find suitable (¢;);er € {+1, —1}! sucht that

\V/i, ij<€iui, €jUj> = 0
J



Spot Noise Barycenters

Barycenter ¥*:  ¥*(w) = &(X*(w))
D, (X)=>_. pi (21/2f’[i] (w)f[i] ((U)*Zl/Q)

1/2



ot Noise Barycenters




Image modeling with statistical constraints
—— (Colorization, synthesis, mixing, ...




Image modeling with statistical constraints
—— (Colorization, synthesis, mixing, ...

Wasserstein distance approach
—— Fast sliced approximation.




Conclusion

Image modeling with statistical constraints

—— (Colorization, synthesis, mixing, ...

Wasserstein distance approach
—— Fast sliced approximation.

Extension to a wide range
of imaging problems.

—— Color transfert, segmentation, ...




