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1. Beyond Graphs: Simplicial Complexes
1. All-Interval Series

2. Representation of Chords
1. Path transformation in Tonnetz

2. Space transformation

3. Architectonic of a musical piece
2. Simplicial Complexes & Binary Relationships
1. Q-analysis

2. Formal Concept analysis

3. Conclusion



A topological manifesto

m The logical approach in computer science
computation = deduction
(the Curry-Howard isomorphism)

m Other paradigms can be fruitfull : topology
computation = moving in some space

m [ry to perceive space (and time) in programs
(rather than logical operations)

ourposes: heuristic, technical, didactical
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'‘Grapnical’ repressentation of iIntervals

The spatial metaphor:
the use of spatial relationships (connectedness, boundary, incidence, hole,
dimension...) to grasp/catch/formalize relationships in another domain.

Putting close, notes that are consonant
e notes are nodes

* intervals are (label of) edges

» close = two distinguished intervals
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Seyond grapns

m Motivations

[0 n-ary constraints between notes
e.q., from intervals to n-chords (interval = 2-chords)

01 more sophisticated constraints
1 more sophisticated objects

m Cellular complexes : natural generalization of graphs

abstract simplex {a} {a,b} {a,b,c} {a,b,c,d}

poINt edge face volume

euclidien simplex ® e
-
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Celular Complexes

©
an euclidean simplicial complex
of dimension 2 embedded in a 2- @
dimensional euclidean space
©
An abstract simplicial complex
{
{a}, {b}, {c}, {d}, {e}, dim O
{a,b}, {b,c}, {b,d}, {a,d}, {a,e}, {c,d}, dim 1
{a,0,d} dim 2
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=

lopology <= smpliclal complex< lattice

Topology (open and closed sets)

simplices
closed sets

Simplicial COI’TWD|@X (set of sets closed by inclusion/intersection)

simplices
L attice cones

Lattice (order relation: A, v)

» Reformulation of classical approaches (alternative technics)
e Extension



Jopological Representations In Music

B Examples
O all interval series

0 chord spaces

m chord spaces arising from set motivated my music theory
(a musical piece is a path in this space)

m chord space arising from a piece itself
(the space is the "unfolding” of the musical space)

0 Julia Blondeau's compositional spaces
(the architecture of a musical piece)

= \What can we catch 7
0 Q-analysis and Formal Concept Analysis
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Application |

ALL INT

SVAL S

al
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Spatial Interpretation of AlS

m AlS as paths in some space

m \What kind of space?

0 Search space 'y

m Pitch classes: O-cells ® [
m Intervals: 1-cells C

m \What kind of path
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Spatial Interpretation of AlS

m AlS as paths in some space .
w2

m \What kind of space? /
[0 Search space A'i

m Pitch classes: O-cells

\ AV,
= Intervals: 1-cells Ab ﬁ

m What kind of path ? Complete graph K,




Spatial Interpretation of AlS

m AlS as paths in some space .
w2

m \What kind of space? /
[0 Search space A'i

m Pitch classes: O-cells

\ AV,
= Intervals: 1-cells Ab ﬁ

What kind of path ? Complete graph K,

0 O l’e' I |

)" 4 DO
/\ O
[ [an)
NI,

eJ

O b
© A=

¢

7 \
1O O
./ ~

¢

=

no



Spatial Interpretation of AlS

m AlS as paths in some space .
w2

m What kind of space? /
[0 Search space A'i

m Pitch classes: O-cells

\ AV,
= Intervals: 1-cells Ab ﬁ

What kind of path ? Complete graph K,

0 O l’e' I |

)" 4 DO
/\ O
[ [an)
NI,

eJ

O b
© A=

¢

7 \
1O O
S ~

¢

=

n0 < i1l



Spatial Interpretation of AlS

m AlS as paths in some space

m \What kind of space?

[0 Search space
m Pitch classes: O-cells
m Intervals: 1-cells

m \What kind of path

0 o _ b 4,

g o B
o o

n0 < il > nl



Spatial Interpretation of AlS

m AlS as paths in some space

m \What kind of space?

[0 Search space
m Pitch classes: O-cells
m Intervals: 1-cells

m \What kind of path

0 o _ be |

g o B
o o

n0 < i1 > nl < i2



Spatial Interpretation of AlS

m AlS as paths in some space

m \What kind of space?

[0 Search space
m Pitch classes: O-cells
m Intervals: 1-cells

m \What kind of path

o N\ © Py be- {‘-,\c lD()
oo e
o o o

nd < il > nl < i2 > n2
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Spatial Interpretation of AlS

C
m AIS as paths in some space y -
Bb D
m \What kind of space?
0 Search space 4 £
m Pitch classes: O-cells
m Intervals: 1-cells Ab k
G F
F#
m What kind of path ? Complete graph K,
Hamiltonian path

nd < il > nl < i2 > n2 < .. > nl0 < il1l > nll1
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Spatial Interpretation of AlS

C
m AIS as paths in some space p -
Bb D
m \What kind of space?
00 Search space A b
m Pitch classes: O-cells
= Intervals: 1-cells Ab =
G F
F#
m \What kind of path Complete graph K,
@ -~ e .
Fo—0 = & ® Hamiltonian path
such that edges have
o . o e ® ® different labels

n0 < il > nl < i2 > n2 < .. > nl0 < i1l > nll / unique(il,i2,..,ill)
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spatial Interpretation of AlS

m AlS as paths in some

What kind of " ¢
| !
a INa O G.%.{F
0 Search space Py '%
m Pitch classes: O-cells D o .Bb
= Intervals: 1-cells (not unigue) P 4/ \P4
- 49 ® b
P4
What kind of path ? o J
“ 2 | E \ ® 4b



spatial Interpretation of AlS

m AS as N some

m \What kind of "

0 Search space
m Pitch classes: O-cells
m Intervals: 1-cells (not unigque)
m |nterval classes: 2-cells

m \What kind of 7

P4 e Fb

Eb
°
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Spatial Interpretation of AlS

m AlS as paths in some space

m \What kind of space?

AIS Complex
[0 Search space (too difficult to draw)
m Pitch classes: O-cells
m Intervals: 1-cells (not unique) <0, 1>-Hamiltonian path

m nterval classes: 2-cells <0, 2>-Eulerian path

m \What kind of path
A s A |
B

F E/ \C Bb

n0 < il x 4Ad > .. nl10 < i1l < I11 > ill > nll
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Simplex-based chord representation

m A n-pitch class set is represented by a (N-1)-simplex
00 Note: O-simplex (vertex)
0 2-note chord: 1-simplex (edge)
0 3-note chord: 2-simplex (triangle)

O

e G E G
GG} OB}
G ® ([E.Cl ® -
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Simplex-based chord representation

m A n-pitch class set is represented by a (N-1)-simplex
00 Note: O-simplex (vertex)
0 2-note chord: 1-simplex (edge)
0 3-note chord: 2-simplex (triangle)
00 4-note chord: 3-simplex (tetrahedron)

C
o

\B
o
Cmaj7 /

o o
G -




ircam
== Centre
Pompidou

Sulding Chord Complexes

m Chord population from chord transformation orbits
Transposition, inversion, permutation, etc.

m Chord population from a pliece segmentation
Analysis of Bach, Chopin, Schoenberg, Webem, Glass, etc.
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Application: Representation of a tonality

m Degrees of the diatonic scale

000

E B F c
[ § [ ] )
11l Vile Ve
> e 7 Il Vig >
[ @ @ 1 ] O
c G D A B

5. Mazzola

CM Dm Em F G Am B°

f . o

= : —> —>
ANV A4 ) ~ —

g S o °©

CM7 Dm7 Em7 FM7 G7 Am7 Bm°7 spatial programming



Sullding Chord Complexes

m Dy self-assembly (topological rewriting a la MGS)
0 basic elements: a population of chords (as simplices)

O arule that "zip" two simplices a and b
m Assembly predicate: same pitch-class subset

m the cofaces of the new simplex are
the union of the cofaces of @ and b

A A A
|V

e @ X X °
a G G



Application: Chord class representation

m population of chords = the orbit of a chord transformation
B example: representation of Forte class

A 24 minor and major a triads

L) D, 9Tiggfe e B
. . v ¥ ¥y ¥ v
NAVAVAVAVAE
Intervallic
Structure l
[3,4,5]
/ \ /\ /\
l I/ PP —
Chord Class
Self-assembly process simplicial complex

Cl3,4,9]



Application: Chord class representation
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m Complexes enumeration in heptatonic/chromatic systems

(Louis Bigo)

Equivalence relation

Chromatic system (Z,,)

Heptatonic system
;)

Transposition

352 complexes

20 complexes

Transposition / inversion

224 complexes

18 complexes

Permutations

7/ complexes

16 complexes

Affine application

157 complexes

16 complexes




Application: Chord class representation
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m Complexes enumeration in heptatonic/chromatic systems

S, (Ky[3.4.5])
[Cohn — 1997]

S](KTI[293 93 94])
[Gollin - 1998]

KT[3 74] 9 KT[2’293] 9 }<T[1 ’2’2’2]
[Mazzola — 2002]

KTI[l,l,lO] KTI[4’4’4]
[Catanzaro - 2011}

Si(Kp[1,24])
[Hook — 2013]

d complexe taille b, p-v X
- Ko 0 0 0
0 KC71[0] 0 [0] 0
Kor[1,11] 12 (1, 1] X 0

K12, 10] 12 2, 2] 0

1 Kr1(3,9] 12 3, 3] 0
Kri[4,8] 12 [4, 4] 0

Kri[5,7] 12 1, 1] X 0

Kr1[6, 6] 6 6, 0] 6

K14[1,1,10] 12 1,1, 0] X | 0

Kr1[1,2,9] 24 1, 2, 1] X 0

Kri[L,3,8] 24 [1,2,1] x [0

Krr[1,4,7] 24 1, 2, 1] X 0

Krr[1,5,6] 24 1, 1, 6] 6

Krr(2,2,8] 12 2, 2, 0] 0

: Kr1[2,3,7] 24 1, 2, 1] X 0
Krr[2,4,6] 24 2, 2, 6] 6

Kr1]2,5,5] 12 1, 1, 0] X 0

Kr1[3, 3, 6] 12 (3, 0, 3] 6

Kr1(3,4,5] 24 1,2, 1] x | 0

Kri[4,4,4] 1 [4,0, 0] 1

}C']‘][l,l 1,9] 12 [1 1 O O] X 0
Kr(1,1,2,8] 24 1,1, 12, 0] 12
Kri(1,1,3,7] 24 1,2, 13, 0] 12
Kri[1,1,4,6] 24 (1,1, 18, 0] 18
Kr[1,1,5,5] 12 1, 1, 6, 0] 6

Louis Bigo



ircam
== Centre
Pompidou

Application: Chord class representation

m Relation with Generalized Tonnetze: the 1-skeleton of a
chord class simplicial complex is a graph in which all
oitch are neighbor following a same set of intervals

1-skeleton N/\N/\/\/
C[3,4,5] (Forte class 3-11) / \ —_—> AVAVAVAY: C Original Tonnetz
L o ANANAYWANEY

minor and major chords

B
°

o}
\ G 1-skeleton
C[2,3,3,4] (Forte class 4-27 /\/' —_—
*c

) 3D Tonnetz
c®—

half-diminished seventh
and seventh chords

Goallin, E. (1998). Some Aspects of Three-Dimensional" Tonnetze”
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Application: Chord progression

m Extract of the Prelude No. 4 Op. 28 of F. Chopin

— = : 120 (2,1)-Hamiltonian paths
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A musical plece as a SPACE

B a2 musical piece Is a space
m this space can be characterized (Betti number, etc.)
m the performance of the piece is a path in this space
m the space can be relabeled

¢

¢, \
9

/@
&/

BWV 324
R P I e P o
S === T Gt—eeed e oo o,
S rrirErrr rif F(° o1 )9 wrr S
Iﬂﬁ:;%i%g&ﬁ“ _)gm;ﬁg ffgm'ifrlflﬁo
TR AP AR CA SRR




oooooooo

A musical piece as a PATH in some space

the performance of the piece is
a path in some space
m the path can be transtormed
m the underlying space can be changeo
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Applications: Chord Classes

m Path transformations

Application of "geometrical” transformations (endomorphisms)

@O OO
POOODOOOOOOC
0000000000
POOOOOOOOOC
0050000000
PO O000000C

000000000
2000000000 ¢
0000000000

20000000 00¢
AOAANOAAGO

point reflection
—

DA A A A A A A A A
POOOOOOOOOE
006000006000
POOOOOOOOOE
0000000000
POOOEHOO0000C
0000ECRO0000
DOOOOBNO000OC
000005 OO0
POOOOOOCOOC
0000000000
POOOOOOOOOE
0000000000

2000000000 ¢
FryeTy Ty ey el

\

KuTI [3 ,4 95]

|
o Ca%ig

A Koy [3.4.5]

=
%Jlté Jd 4d
P == ;
¢ )

AN\IV4 'HFHIF
n
J DN X . ™Y

oJ

)

)

pitch inversion {

==

P
|

-
e

I

d |dd 4 4|

J.-S.Bach - Choral BWV 256 =, “
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~atns tfransformatons

m transformation of the initial space of the path

C(2,3,7)

C(34,5)

RRoReRRlRs
B g gy gy O B gy O gy S g S B
Y 00000000 !
9 Q9 &

) ()
bbby bedy t‘t

R RRRRRRRA S

g J
F

o

Ft‘t‘t‘t‘t‘t‘t‘n‘t‘!
Ryl Sy Syl gy by by bty

s |dd 4 d|d

Py tety iy bbb b b b
B g g gy O g gy O gy B S gy B

DBy fyfed

Byl g By g @y ey by iyl

p Pty g gty gty eyl

[

Ct‘t‘t‘t‘t‘t“‘w‘t‘tg
oat‘t‘t‘t‘t‘M

JJJJJ{I
| ===

Ft‘t‘t‘t‘t‘t‘t‘m‘t‘tn




—atns & space transformations

®m Some audio results
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original @
in C(3,4,5) Q
1(1,-2)
inC(1,2,4)
R(m) -
in C(1,2,4)
W.A. Mozart

Piano Sonata N° 16 - Allegro

PN
original
| ©®
in C(3,4,5)
R(2n/3)
in C(3,4,5)
C(2,3,7) P
*
C(l,2,4)
C. Corea
Eternal Child

original
R(m) -
in C(3,4,5)
T(1,-2) ~
inC(1,24)
C(1,2,9) -
+
C(l,2,4)
The Beatles
Hey Jude
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[rajectory lransiormations

m Musical interpretation of some spatial transformations

Trajectory transformation Musical meaning
Translation in a chromatic space Transposition
7t — Rotation in a chromatic space Inversion
Translation in a diatonic space Modal transposition
7 — Rotation in a diatonic space Modal Inversion
@ — Rotation in a chromatic space )
(with ¢ = m) '
@ — Rotation in a diatonic space )
(with ¢ = n) '
Transformation of the underlying )

space
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JULIA BLO
SOSITIONA

COM

D

—A

U'S

S

PAC
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Julla Blondeau: Compositional Spaces

simplexe
fréquentiel

cellule
musicale

simplexe simplexe
articulo-timbral temporel
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Jula Blondeau ==,
ESLA qulefiet detrangete.
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Many musical applications:

m classification using topological characteristics: can we
catch the notion of style ?

m generative power of topological transformation
B representation of other musical relationships. ..

m ... What kind of relationships 7
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Q-analysis

a topological representation of a inary relationsnip

A C {tulipe, rose, marguerite, dahlia} x {rouge, bleu, blanc, jaune}

A --

tulip 1 0

rose 1 1 1 0
daisy 0 0 1 1
dahlia 1 1 1 1

blue

dahlla (volume)

43



—epresentation of a set of predicates

A C Objects x Predicates : (0,p) € AL < p(0O)

Objects = {1, 2, 3, ..., 10}
Predicates = {prime, even, odd, multiple-of-3}

prime

O 10 1
y X 9 2
odd | © 3 Qéeven q 3
1 \ / 4,8,10
9
O 7 4
multiple of 3




—ormal Concept Analysis
T can also be represented as a lattice

A: interval g; appear In a musical motive m;

m1 mo ms3 M4
g1 X X X
g2 X X
g3 X X
g4 X X
g5 X

C5

etHe Gand Ne M
e H={minM|(h, me&iforalheH]}
« N'={ginG]|(g,nEeAiforalnEN]}

C1

 (H, N)is aformal concept iff H' = N and H = N’

« formal concept are ordered: (H, N) < (I, P) iff HC|

45
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3 comments:

- Jean Nicod

- ageometry of time

« escaping the dispute

CONCLUSIONS

Pompidou



ircam
== Centre
Pompidou

Jean Nicod

L a geometrie dans le monde sensiole

m La Géométrie des sensations de mouvement (1921)
Imaginons un étre pouvant se mouvoir liorement dans un milieu
homogene et immobile, par exemple un poisson au sein d'un océan
tranquille. Faisons correspondre a chacun de ses mouvements,
compliqué ou simple, prolongé ou bref, rapide ou lent, une sensation
totale distinctive. Douons-le de mémoire et de raison, et demandons- |
nous s'il pourrait appliquer une geomeétrie a son expéerience. ’

JEAN NICOD

NS

1 MONDE SENSIBLE
]

m [a Geometrie dans le monde sensible (1923)
Imaginons un auditeur transporté sans nulle autre sensation le long
d'une ligne divisées en petite sections telles gue a chague passage
sur une section quelcongue (soit A), un sont d'une qualité particuliere
a se fasse entendre. [...] Au sujet des sons produits, qui composent
toute sa perception [...], il ne concoit, sSuppoOsoNs NOUS, que deux
questions : le son vy fut-il apres le son x 7 Le son vy fut-il semblable au
son x 7 Cherchons si le monde sensible ainsi défini a des lois ; s'ily a
pour ce sujet, une physigue.
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From percept to concept (-~ Jean Nicod)

Percepts Concepts
pumping percepts into concepts

A

0@’

a spatial organization:
* structure of co-occurence of percepts
* logic of observations (= the open sets)

50



Nnterpretation & Hlaying together: the topology of time

/—\

g @ = __
sode O O . @ = DG
¢ S -" BT = B * e
/ f hdndemng o o N ot \/ d \/ f \/f AL e ¢
7 - --,k ] 1§ st 1 ‘}? 1 S}’ I Hum ) 1 sf
" .q *’ '“QE TN f i s ik R = ot - ° “Oj_k'n? P( — ,»"1'
" 15 it { - I el - : - .I i 'h‘{_‘ =
e et AR AR B BT fr | e
e s EU e H T U § CH
oo ETSEER Gy R g e e 0
L BEGI WiTH EFFCET TO REPEAT _

EXACTIy [ CAPITAUZE ON SLIGHT
IRREGULARITIES

> @~ ~! — : T
@ 3 : i | T = l@ N
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VWhat remains invarant

m cvent order
m relative duration

m the concurrent organization of musical objects (chords,
ohrases...) w.r.t. synchronization points:
[0 note onset
0 start or end of a bar
00 maximal point of a dynamic
O timber change

O...

m gualitative first order property (shorter / longer)
but also second order property (slower / faster)



Jose e=cheveste's time-time diagram
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e e’ e3 e4

J J J _#_ events

HE EHE E B =H
al a2 a3 &4 ab

actions

-
NOTE 60 2.0 ; el

group @target:={sync}
{
0.0 a0
1.0 a1
1.0a2
1.0a3
1.0a4
}
NOTE 60 1.0 62
NOTE 60 1.0 ; €3
NOTE 60 1.0 sync ;e

(.

" time in beats

~time in
secondes
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Looking at the question, two ways

m \VWVhich geometry
N pitch spaces, in rythmic spaces. .. 7
(what is the "logic" of our sensations)

m \What Is the sensation
N pitch spaces, in rythmic spaces... ?






