
State	
  Space	
  Explora-on	
  of	
  
Spa-ally	
  Organized	
  Popula-ons	
  of	
  Agents	
  	
  

1	
  

Antoine	
  Dautriche*	
  
Jean-­‐Louis	
  Giavi.o°	
  
Hanna	
  Klaudel*	
  
Franck	
  Pommereau* 

	
  
*IBISC,	
  University	
  of	
  Evry	
  
°IRCAM-­‐CNRS	
  	
  

MGS:  http://mgs.spatial-computing.org 
SNAKE: http://pommereau.blogspot.com/ 



SCW’11	
  –	
  IBISC	
  -­‐	
  University	
  of	
  Evry	
  &	
  IRCAM	
  -­‐	
  CNRS	
  

•  Context	
  
–  Qualita-ve	
  modeling	
  
–  Space	
  representa-ons	
  
–  Systema-c	
  analysis	
  

•  IRN	
  
–  Intui-on	
  
–  Syntac-cal	
  aspects	
  
–  Seman-cs	
  

•  Current	
  prototype	
  
–  SNAKE	
  
–  MGS	
  

•  Conclusions	
  

TOC	
  

2	
  



SCW’11	
  –	
  IBISC	
  -­‐	
  University	
  of	
  Evry	
  &	
  IRCAM	
  -­‐	
  CNRS	
  

•  Systems	
  Biology:	
  modelling,	
  simulaFon	
  and	
  analysis	
  of	
  biological	
  
systems	
  	
  
	
  

Mo-va-on:	
  qualita-ve	
  modeling	
  in	
  systems	
  biology	
  

3	
  



SCW’11	
  –	
  IBISC	
  -­‐	
  University	
  of	
  Evry	
  &	
  IRCAM	
  -­‐	
  CNRS	
  

•  Systems	
  Biology:	
  modelling,	
  simulaFon	
  and	
  analysis	
  of	
  biological	
  
systems	
  	
  

•  Biochemical	
  processes:	
  regulatory	
  networks,	
  transcripFon	
  
signals,	
  metabolism,	
  diffusion,	
  transport	
  	
  

	
  

Mo-va-on:	
  qualita-ve	
  modeling	
  in	
  systems	
  biology	
  

4	
  



SCW’11	
  –	
  IBISC	
  -­‐	
  University	
  of	
  Evry	
  &	
  IRCAM	
  -­‐	
  CNRS	
  

•  Systems	
  Biology:	
  modelling,	
  simulaFon	
  and	
  analysis	
  of	
  biological	
  
systems	
  	
  

•  Biochemical	
  processes:	
  regulatory	
  networks,	
  transcripFon	
  
signals,	
  metabolism,	
  diffusion,	
  transport	
  	
  

•  Taking	
  into	
  account	
  complex	
  &	
  dynamic	
  spa-al	
  rela-onships:	
  
populaFon,	
  Fssue,	
  organ	
  and	
  organism	
  

Mo-va-on:	
  qualita-ve	
  modeling	
  in	
  systems	
  biology	
  

5	
  



SCW’11	
  –	
  IBISC	
  -­‐	
  University	
  of	
  Evry	
  &	
  IRCAM	
  -­‐	
  CNRS	
  

•  Systems	
  Biology:	
  modelling,	
  simulaFon	
  and	
  analysis	
  of	
  biological	
  
systems	
  	
  

•  Biochemical	
  processes:	
  regulatory	
  networks,	
  transcripFon	
  
signals,	
  metabolism,	
  diffusion,	
  transport	
  	
  

•  Taking	
  into	
  account	
  complex	
  &	
  dynamic	
  spa-al	
  rela-onships:	
  
populaFon,	
  Fssue,	
  organ	
  and	
  organism	
  	
  

•  Applica-ons	
  domain:	
  developmental	
  biology,	
  tumor	
  growth,	
  
Fssue	
  engineering	
  (biofilms),	
  etc.	
  	
  

•  Model	
  analysis	
  through	
  (exhausFve)	
  state	
  space	
  construc-on	
  
–  Stable	
  states	
  
–  Basins	
  of	
  aWracFon	
  
–  Irreversible	
  acFon	
  
–  AWeignability	
  and	
  controlability	
  

Mo-va-on:	
  qualita-ve	
  modeling	
  in	
  systems	
  biology	
  

6	
  



SCW’11	
  –	
  IBISC	
  -­‐	
  University	
  of	
  Evry	
  &	
  IRCAM	
  -­‐	
  CNRS	
  

•  small	
  or	
  big	
  cells	
  with	
  polarity	
  	
  
•  vegetaFve	
  cells	
  or	
  heterocysts	
  	
  

–  only	
  big	
  vegetaFve	
  cells	
  may	
  divide	
  	
  
–  no	
  neighbour	
  heterocysts	
  	
  

A	
  running	
  example:	
  Anabaena	
  Catenula	
  	
  

7	
  

Running example 5 / 22

Introducing Anabæna catenula

heterocyst vegetative cells

nitrogen nitrogen nitrogen nitrogen

diameter of a hair

I small or big cells with polarity

I vegetative cells or heterocysts
I only big vegetative cells may divide
I no neighbour heterocysts
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Logical Regulatory Network 
à la R. Thomas  

Spatial representation 
& transformation 

à la MGS 
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Context Modelling regulatory processes 7 / 22

Logical regulatory networks [Thomas et al.]

Hc

Sz

nextHc(xHc)
df
=

⇢
1 if xHc = 0
2 otherwise

dom(Hc)
df
= {0, 1, 2}

nextSz(xSz , xHc)
df
=

⇢
xSz if xHc > 0
1 if xHc = 0

dom(Sz)
df
= {0, 1}
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Hc

Sz

nextHc(xHc)
df
=

⇢
1 if xHc = 0
2 otherwise

dom(Hc)
df
= {0, 1, 2}

nextSz(xSz , xHc)
df
=

⇢
xSz if xHc > 0
1 if xHc = 0

dom(Sz)
df
= {0, 1}

Extension: 
•  Arbitrary variable update function 
•  module (local variable & replication) 
•  global variable 
•  local and global measure 
•  spatial update 
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Space species

Discrete Space
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Takahashi, K. and Arjunan, S. N. V. and Tomita, M. Space in systems biology of

signaling pathways, towards intracellular molecular crowding in silico. FEBS

Letters 579(8), 2005

Takahashi, K. and Arjunan, S. N. V. and Tomita, M. Space in systems biology of signaling pathways, 
towards intracellular molecular crowding in silico. FEBS Letters 579(8), 2005 

MGS: 
•  graph and beyond: topological collection 

(chain on combinatorial cellular complexes) 
•  transformation (topological rewriting) 
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vertex 

edge 

surface 
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trans T = { 
     pattern1 ⇒ expression1 
     … 
     patternn ⇒ expressionn  
} 
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Transforma-ons	
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trans T = { 
     pattern1 ⇒ expression1 
     … 
     patternn ⇒ expressionn  
} 

Topological collection Topological collection 

Sub-collection (Sub-)collection 

substitution 
Pattern-
matching 
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Integrated regulatory networks Intuition 11 / 22

The big picture

labelled graph = state (nodes = modules, edges = neighbouring)

lvlocal variable

lmlocal measure

gvglobal variable

gmglobal measure

gugraph update

attached to each module

observation of a module’s neighbourhood

attached to the whole system

global observation of the whole system

spatial transformation

3 3 3 3 7

3 3 3 3 7

7 7 3 3 7

7 7 3 3 7

3 3 3 3 7

Labeled graph = state  
•  Node = modules 
•  Edges = neighborhood relationships 
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Labeled graph = state  
•  Node = modules 
•  Edges = neighborhood relationships 
 
Transition function (asynchronous evolution) 
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Integrated regulatory networks Syntactical aspects 12 / 22

Anabæna strikes back

Hc Sz

Ah

Nitro Nbr Div

Hc Sz Hc Sz

Hc = cell’s kind 2 {heterocyst, undetermined, vegetative}
Sz = cell’s size 2 {small, big}

Ah = any heterocyst around 2 {false, true}
Nitro = nitrogen level  Nitromax

Nbr = population size  NbrN  Nbrmax

Div = divide (topological transformation)
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Integrated regulatory networks Syntactical aspects 13 / 22

Global variable Nitro

current Nitro
Nbr

< NbrN � NbrN
0 0

any n > 0 n n � 1

Nitro(xNbr ) = if (xNitro > 0) ^ (xNbr � NbrN) then xNitro � 1 else xNitro



SCW’11	
  –	
  IBISC	
  -­‐	
  University	
  of	
  Evry	
  &	
  IRCAM	
  -­‐	
  CNRS	
  

Local	
  Variables	
  Hc	
  and	
  Sz	
  

22	
  

Integrated regulatory networks Syntactical aspects 14 / 22

Local variable Hc and Sz

current Hc

Nitro
0 > 0
Ah

false true

vegetative undetermined vegetative
undeterminedundetermined heterocyst undetermined

heterocyst heterocyst heterocyst

current Sz

Hc
heterocyst vegetative or undetermined

Nitro
0 > 0
Ah

false true

small small small big big
big big
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Integrated regulatory networks Syntactical aspects 15 / 22

Updates, measures and transformations

trans Sz(C ,�, i) = c / ( c = i)
! c + {Sz = Sz(c(Sz),�(Nitro),Ah(C ,�, i))}

fun Ah(C ,�, i) = NeighborFold(i , (\x , acc.acc _ (x(Hc) = heterocyst)),
false)

fun Nbr(C ,�) = size(C )

trans Div(C ,�, i) = cl ,
�
{ Sz = big, Hc = k } as c

�
, cr

/ ( c = i) ^ (Nbr(C ,�) < Nbrmax) ^ (k 6= heterocyst)
^

�
�(Nitro) > 0 _ cl(Hc) = heterocyst _ cr (Hc) = heterocyst

�

! cl , c+{ Sz=small }, c+{ Sz=small }, cr

local variable evolution 

local measure 

global measure 

graph update 
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Triggers to evaluate 
transformation to apply 

 
where to apply 

new state 
 

Triggers value 
(logical condition) 

States	
  of	
  the	
  system	
  
(iden-fiers)	
  

+	
  
Update	
  func-ons	
  

(iden-fiers)	
  

Pilot 

States	
  of	
  the	
  system	
  
(topology	
  &	
  labels)	
  

+	
  
Update	
  func-ons	
  
(computa-on)	
  

MGS 

IRN specification State space 
as 

a graph of “labeled graphs” 



SCW’11	
  –	
  IBISC	
  -­‐	
  University	
  of	
  Evry	
  &	
  IRCAM	
  -­‐	
  CNRS	
  

IRN	
  specifica-on	
  

25	
  

local Cell : 
var Hc : 

domain = vegetative, heterocyst 
init = vegetative 
update(Nitro , Ah) = 

trans Hc[i]= {Hc=vegetative} as c  
             / ^c==i && Nitro==0 && ∼$Ah 
             => c+{Hc=heterocyst} 

var Sz : 
domain = small, big 
init = small 
update(Hc, Nitro, Ah) = 

trans Sz[i]= {Sz=small, Hc=vegetative} as c  
             / ^c==i && (Nitro>0 || $Ah) 
             => c+{Sz=big} 

measure Ah : 
domain = true , false  
block = ((leftq(c) && left(c).Hc==heterocyst) 
         || (rightq(c) && right(c).Hc==heterocyst)) 
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global : 
var Nitro : 

domain = N 
init = 3  
update(Nbr) =  
      fun Nitro() = if ($Nbr<nbrN) || (Nitro==0)  
                    then Nitro else Nitro - 1 fi  

const nbrM : 
init = 3  

const nbrN :  
      init = 3 
measure Nbr :  

domain = N  
block = size(graph) 

graph_update Div :  
update(Nbr, Hc, Sz, Nitro, Ah) = 

trans Div[i] = {Sz=big, Hc=vegetative} as c  
               / (^c==i) && ($Nbr<nbrM) && (Nitro>0 || $Ah) 
               => c+{Sz=small}, c+{Sz=small}  

initial : 
… 
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LTS semantics

0:us ,us

0:hs ,us

H0

0:us ,hs

H1

0:vs,hB

1:vB,vs

1:vB,vB

S1

0:vB,vs

N

0:vB,vB

N

0:vB,us

H1

0:uB,vs

H0

0:uB,vB

H0

0:vB,uB

H1

0:uB,us

H0

0:vB,hs

H1 H1

0:hB,vs

H0

0:hB,vB

H0

0:uB,uB

H1 H0

0:vB,hB

H1

0:uB,hs

H1

0:hB,us

H0

0:hB,uB

H0

0:uB,hB

H1

1:vs

1:vB

S0

1:vs,vs

D0

S0

1:vs,vB

S1

0:vs,vs

N

S0

0:vs,vB

N

0:us,vs

H0

0:vs,us

H1

0:vs,uB

H1

0:us,vB

H0H1

0:hs,vs

H0 H0

0:vs,hs

H1

H1

0:us,uB

H0H1

0:hs,vB

H0

0:hs,uB

H0

0:us,hB

H1

Nitrogene-level: cell-state, cell-state, … 
 
V = vegetative 
U = undetermined 
H = heterocyst 
 
S = small 
B = big 
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State space explosion

Nbrmax NbrN initial state states transitions stable states

2 2 1:vs 39 42 16
2 2 2:vs 43 50 16
2 2 3:vs 47 58 16

3 2 1:vs 223 346 56
3 2 2:vs 235 378 56
3 2 3:vs 247 410 56

3 3 1:vs 191 286 48
3 3 2:vs 199 306 48
3 3 3:vs 207 326 48

5 4 3:vs 5375 12466 896
5 4 3:vs,vs 5373 12464 896
5 4 3:vs,vs,vs,vs 5361 12432 896
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Contexte Cadre de modélisation Construction de l’espace des états Applications Conclusion

Jumping Bacterias : IRN

E

A

J R

F

E

5 / 16
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appetite appetite appetite
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energy
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appetite appetite
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jump
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Réductions

Espaces d’états pour Jumping Bactérias, sur un anneau de 5
emplacements :

Modules
États Transitions

États Stables
Complet Réduit Complet Réduit

1 21 5 21 5 0

2 199 28 358 55 0

3 981 214 2446 554 0

4 2828 526 8638 1669 0

5 4345 629 14616 2220 1
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Two	
  states	
  	
  e1(C1,	
  λ1)	
  	
  and	
  	
  e2(C2,	
  λ2)	
  	
  
are	
  equivalents	
  by	
  symetrie	
  iff:	
  	
  
•  the	
  global	
  variables	
  are	
  equal:	
  λ1	
  =	
  λ2	
  
•  the	
  labeled	
  graph	
  C1	
  and	
  C2	
  are	
  isomorphic	
  

–  expansive	
  to	
  test	
  but	
  can	
  be	
  ok	
  	
  
–  translate	
  labeled	
  graph	
  into	
  graph	
  
–  relies	
  on	
  Nauty	
  

	
  
Special	
  case	
  of	
  bisimulaFon	
  (process	
  algebra)	
  
beWer	
  approaches	
  exists	
  	
  

–  subgraphs	
  
–  quoFent	
  

The	
  reduced	
  state	
  space	
  is	
  computed	
  on-­‐line	
  

State	
  Space	
  Reduc-on:	
  Intui-on	
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Réductions : Intuition

1

2

3

4

A

E A

J
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v Discrete	
  formalism	
  for	
  modelling	
  mulF-­‐cellular	
  processes	
  	
  
v Explicit	
  spaFal	
  informaFon	
  with	
  transformaFons	
  

Hybrid	
  semanFcs:	
  coloured	
  Petri	
  net	
  +	
  topological	
  collecFons	
  	
  
v SimulaFon	
  (SNAKES	
  for	
  Petri	
  nets,	
  MGS	
  for	
  the	
  geometry)	
  	
  
v Model-­‐checking	
  (exhausFve	
  simulaFon)	
  	
  
v ApplicaFons:	
  

v toy	
  examples	
  	
  
v segmentaFon	
  in	
  Drosophilia	
  	
  
v bladder	
  cancers	
  
v blood	
  cancers	
  	
  

v model-­‐checking	
  technics	
  for	
  state	
  space	
  reducFon	
  
v use	
  spaFal	
  informaFon	
  in	
  model-­‐checking	
  

fluid	
  (blood)	
  and	
  nested	
  structures	
  (membranes/mulFscale)	
  	
  

Conclusion	
  and	
  perspec-ve	
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