TILING THE INTEGERS WITH APERIODIC TILES
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ABSTRACT. A finite subset A of integers tiles the discrete line Z if the integers
can be written as a disjoint union of translates of A. In some cases, necessary
and sufficient conditions for A to tile the integers are known. We extend this
result to a large class of nonperiodic tilings and give a new formulation of the
Coven-Meyerowitz reciprocity conjecture which is equivalent to the Flugede
conjecture in one dimension.
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1. INTRODUCTION

A tiling of the finite abelian group G (written additively) is a pair (A, C) of
subsets of G such that 0 is in both A and C and every x of G can be uniquely
written as * = a + ¢ with a € A and ¢ € C. When G is the integers Z, we said
that the subset A (0 € A) tiles the integers if there is a set C' (0 € C') such that
Z = A®C. The set A is called a tile and C the translation set. This decomposition
of a finite abelian group in two subsets had been studied by Hajés [8], Rédei [13],
Sands [15, 16], and others.

It is well known that any tiling (A, C) of the integers must be periodic. There
is a finite subset B of Z, and a nonnegative integer n such that C' = B + nZ
with |A| - |B] = n. This leads to focuse on the factorisation of the abelian group
Z,, = Z/nZ for some nonnegative integer n in two factors

A®B=12,

The factorization of finite abelian groups was introduced by Hajés in 1941 [7] in
order to solve the Minkowski’s conjecture (see [11]) on homogeneous linear forms. A
subset A C G is periodic if there is some nonidentity element k € G\{0} such that
A+ k = A. The factorization G = A & B is periodic if one of the subsets A or B
is periodic, otherwise the sets and the factorization are aperiodic. Hajés asked for
which groups the factorization is periodic and this leads to a new definition. A finite
abelian group is a Hajds group (also called a ”good group” in the literature, or has
the 2-Hajds property) if in each factorization of G into two subsets G = A @ B at
least one factor is periodic. Otherwise, G is a non-Hajds group (also called a ”bad
group”). Restricted to G = Z,,, the Hajds question was to determine the values of
n for which the factorization is periodic. The problem was solved by N.G. de Bruijn
[2] and A. Sands. In 1962, A. Sands [16] gave a complete classification of all Hajés
groups.

Theorem 1. Z,, is a Hajds group if and only if n is of the form: p* for k > 0, p*q
for k> 1, p®¢?, pqr, p2qr or pgrs for distinct primes p,q,r, s.
1
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Corollary 2. Z, is a non-Hajos group if and only if n can be expressed in the form
p1paningns where py, pa are primes, pin; > 2, i =1, 2, 3 and ged(nip1,nap2) = 1.

The smallest values of n for which Z,, is a non-Hajds group are: 72, 108, 120,
144, 168, etc.

In 1977, Newman [12] found which sets of prime power size (|A| = p*, for p prime
and k > 1) tile the integers. Later, Coven and Meyerowitz [4] found necessary
and sufficient conditions for A to tile the integers when |A| has at most two prime
factors. To review these conditions, we introduce for each finite set A of nonnegative
integers, the characteristic polynomial

A(z) = Zxa
a€A
such that A(1) = |A|. The factorization of Z, = A & B is thus equivalent to the
algebraic expression

A@)Bx)=1+xz+2?+ ... +a" ! mod z" —1

Let ®4(x) be the s-th cyclotomic polynomial and S4 be the set of prime powers s
such that the s-th cyclotomic polynomial ®4(x) divides A(z). The pair (A, B) is a
factorization of Z,, if and only if |A||-B| = n and ®,(z) divides A(z)B(z) for all
s # 1 factors of n. The Coven-Meyerowitz conditions are
(T1) A() = [T 2:(1)

s€ESA
(T2) If s1, ..., Sm € S4 are powers of different primes then @, s (x) divides A(z).

Coven and Meyerowitz [4] proved that (we summarize their results in one theorem):

Theorem 3. (1) If A(x) satisfies (T1) and (T2), then A tiles the integers.
(2) If A tiles the integers, then A(x) satisfies (T1).
(3) If A tiles the integers, and |A| has at most two prime factors then (T2) holds.

Granville, Laba and Wang [6] extend this result to certain set A. More precisely, if
A and B are two sets of integers such that |A| = p®¢®r” and |B| = pgr with p,q,r
distincts primes that tile Z,,, they show that if ®,(z), ®,(z), ®,(x) divide A(x)
then so do ®,4(x), Ppr(z), Pgr(z) and P4 (x). But in general, it is not known if
(T1) and (T2) are necessary and sufficient conditions for A to tiles the integers.
We will show that it is true for periodic canons and for some aperiodic canons.

2. APERIODIC CANONS

Each factorization of a non-Hajés group Z, = A @ B in two aperiodic subsets
(A, B) is called an aperiodic canon. The problem arises in music theory and had
been studied by Vuza [20, 21], Fripertinger [5], Amiot [1] and others. The set
A describes the time location of the events of the canon or the ground wvoice (also
called the inner rhythm) and the set B corresponds to the attack times of the voices
of the canon (also called onsets or outer rhythm). All voices are just copies of the
ground voice translated in time. Vuza gave an algorithm to determine what he
called regular complementary canons of maximal category (here aperiodic canons),
but it has been shown that not all aperiodic canons are given by this method. At the
present time, a suitable algorithm to determine all aperiodic canons is not known
for all values of n.
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For nonnegative integers r,n > 1, we denote 7 the set m = {0,1,...,n — 1} and
r-m={0,r,...,7(n — 1)} the set obtained by multiplying each element of 7@ by r.
The following result shows that it exists an infinity of aperiodic canons and gives
the expression of one canon for each non-Hajés group.

Theorem 4. Let Z,, be a non-Hajos group with n = pypaninong. Denote K1 and
K5 the sets
K1 = nanz(p2 ® pani - P1)
Ky = ning(pr @ pinz - p2)
and let Tj(B2) = {j} & K2 be the translation of j. The canon (A, B) of lengths
|A| = nine and |B| = p1pans, defined by
A = nz(pang 11 ©ping - Nz)
B = K1UT1(K2)U...UTn3_1(K2)

is an aperiodic canon, called the standard aperiodic canon.

Proof. The proof uses the following properties
a®a-b = ab
c-a®a-bc = abc mod abc ged(a,c) =1
Compute the direct sum of A with K
AD K1 = pongng -1 @ pining - Mg O nang - P2  paninang - pr
= nang(p2 - 1 © -P2) ® ning(p1 - M2 © pana - p1)
= nanz(mip2) © ninz(p1 - iz © pana - 1)
= nanz(Mipz © pan1 - P1) O ninzp - g
= MNan3 - Ppi1pan1 O ningpr - N2
= nz(nip: -z © no - p1pana)
= mn3-pi1p2ning
The direct sum of A with Ko,
AD Ky = pongng-ni @ pining Nz G ning - p1 S pininansg - P2
= pininz(fz © ng - P2) O n3(p2ne -1 © ny - Pr)
= nin3(p1 © p1 - Mz2pz) © nanaps - g
= ng(ni1 - pip2nz © pang - M1)
= Ng-pip2ning

Lastly, the set A @ B tiles the set 7

A®B = n3 -pipannag U{1l} @ ns - -prpanina U....U{ng — 1} & ng - p1paning
= DPi1p2mimiang
n
O

In the following, we define non-isomorphic canons and show that the (T2) prop-
erty is preserved by isomorphisms. The cyclic group C), is the group generated by
the translation 7" which maps ¢ to 7 + 1 mod n. This translation acts in a natural
way on Z,, and on the set of all subsets of Z,, by T(A) = {T'(i),i € A}. Every subset
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A of Z,, is identified with its characteristic function x4 : Z, — {0,1}, xa(i) =1
if i € A and 0 otherwise. The cyclic group C,, = (T') acts on the set {0,1}%» of all
functions from Z, to {0,1} by the action

Chn x {0,1}" — {0,1}?", (T7,f) — foT™/

Two canons (4, B) and (A4’, B’) of Z,, are Cy,-isomorphic if they have the same
lengths |A| = |A’|, |B| = |B’| and if it exists a translation 7™ and a permutation
o such that

Tom(A+b)=A+ bg(i)
fori =1,..,|B|. Let I : Z,, — Z, be the inversion I(i) = —i mod n. The dihedral
group D,, = (T, I) generated by T and I also acts on the subsets of Z,, in the same
way as C,, does. Two canons (A, B) and (A’, B') of Z,, are D,,-isomorphic if they
have the same lengths and if it exists a translation 7™ and a permutation ¢ such
that

In(A+bi) = A+,
where I,,, = T™ oI is the commutative composition of the translation 7" with the
inversion I. The affine group A,, generated by the operators Ty ;(i) = ai + b acts
on the subsets of Z,. Two canons (A, B) and (A’, B') of Z,, are A,,-isomorphic
if they have the same lengths and if the set A’ is an affine transformation of A
(A" = aA +b). Two canons are isomorphic if they are C,,, D,, or A,,-isomorphic.

Ezample. For n = 72, Sands-de Bruijn decomposition is p; = n; = nz = 2 and
p2 = ng = 3. The previous result leads to K1 =6-3® 36 -2 = {0,6,12, 36,42, 48},
Ko=4-2324-3={0,4,24,28,48,52}. The computation of

By = K UTy(K>) = {0,1,5,6,12, 25,29, 36, 42, 48, 49, 53}

and
A =18-2®8-3=10,8,16,18,26,34}

gives the standard aperiodic canon (A, By) for the non-Hajds group Zro. There are
three non-isomorphic solutions for the inner rhythm under C,,, or D,,-equivalence,
namely A; = {0,18}®{0,8,16}, A, = {0,18} ®{0, 8,40}, A5 = {0,18} ® {0, 8,64},
but there is only one non-isomorphic solution since Ay = 5A; and A3 = TA;.
In the other hand, there are six solutions for the outer rhythm under C,,, and
three solutions under D,,, namely By = {0,1,5,6,12, 25,29, 36,42, 48, 49,53}, By =
K, UTs(K3) = {0,5,6,9,12,29,33,36,42,48,53,57} and Bs = Ky U T11(K2) =
{0,6,11,12,15,35, 36, 39,42, 48,59, 63}, but there are only two non-isomorphic so-
lutions because Bs = 7Bs. Thus, we found two non-isomorphic aperiodic canons
(A1, B1) and (A1, By) for n = 72. The characteristic polynomial A;(x) can be ex-
pressed with cyclotomic polynomials A1 (z) = 1+28+ 216+ 220 4234 = O30, PsP32,
Doy P36(x). The set of indices of these factors is denoted by the multiset T, =
{3,4,6,12,12,24,36}. For each set B; with j = 1,2, 3, the cyclotomic factorization
leads to T, = {2,8,9,18,72} such that T4, UTp, = D7y where D7y is the set
of divisors of 72 minus {1}. For an isomorphic aperiodic canon, we have only an
inclusion. The set B’ = K; UT3(K>2) = {0,3,6,7,12,27,31, 36,42,48,51, 55} forms
an aperiodic canon (A;, B’) isomorphic to (A, Ba), but ®19(z) divise B’(z) and
Tp =Tp, U{10} = {2,8,9,10, 18, 72}.

Proposition 5. Let (A, B) be a canon of Z,,. Then A(z) satisfies (T2) if and only
if B(x) satisfies (T2).
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Proposition 6. Let (A, B) and (A’, B") two non-isomorphic canons of Z,, then
A(x) satisfies (T2) if and only if A'(x) satisfies (T2).

Proposition 7. If (A, B) is an aperiodic canon of Z,,, and k a nonnegative integer
k> 1, then

A'=kA®{0,1,...k—1} and B' = kB
is an aperiodic canon of Ziy,.
Ezample. For n = 72 and k = 2, the sets A = {0,18} @ {0,8,16} and B =
{0,1,5,6,12,25,29,36,42, 48,49, 53} form the standard aperiodic canon. Conse-
quently, the pair (24,2B) is an aperiodic canon for n = 144. The cyclotomic
polynomials A(x) = ®30,PP%,PoyP36(7) and B(z) = PoPgPeP13Prath(x) of the
aperiodic canon for n = 72 give some information on the cyclotomic polynomials
for n = 144. Using the property,

D, () if p is a factor of s
Py — p
(1) ®s(27) = { D, (2)Pps(x) if p is not a factor of s
we compute the cyclotomic polynomials of A’(z) = A(2?) = ®3PPsP12P3,Pus(7)
and some of BI(LL') = B(LCQ) = @4@16@9¢18¢36@1441/)(1'2).
Theorem 8. Let (A, B) be a canon of Zy,. If A is periodic then A(zx) satisfies (T2).

Proof. If A is periodic, then Z,, is a group of Hajés. Consequently, n is of the form:
p* for k > 0, pFq for k > 1, p?¢?, pqr, p>qr or pqrs for distinct primes p, ¢, r, s. The
cardinality of the set A (or B) has either two prime factors and A(z) satisfies (T2)
by Coven-Meyerowitz theorem, either it has three prime factors and satisfies also
(T2) by Granville-Laba-Wang results. O

Theorem 9. Let (A, B) be a canon and (A’, B') an isomorphic canon. Then A(x)
satisfies (T2) if and only if A'(x) satisfies (T2).

Proof. The result is obvious if A’ is a translation of A or if it is an inversion. The
lemma 1.4 of [4] shows that it is also true for A’ = kA, with k£ > 1. O

Theorem 10. If (A, B) denotes the standard aperiodic canon then A(x) and B(x)
satisfies (T2).

Proof. The proof is a consequence of the results given in the next section. O

Let (U, V) be an aperiodic canon and (A, B) the standard aperiodic canon. If we
are able to show that
U(x) satisfies (T2) if and only if A(z) satisfies (T2)
then the conjecture of Coven-Meyerowitz will be true, and consequently the Flugede
conjecture in one dimension.

3. CYCLOTOMIC STRUCTURE OF THE STANDARD CANON

From now on, we set
pr=p, pa=gq, ni=r"" nyg=g pg =1+
We write the characteristic polynomial of the set A :

A(z) = H o, (mtwlstﬂlq) H o, (xtv+17,a+1p>

ulrett u|sP+1
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T8+, N1 B+ Y1 B+
Alz) = @, (ost s ><I> 2 (xt q) D a1 ( s q) .

y+1,.a+1 w+1 a+1 w+1 a+l

and the characteristic polynomial K;(z) and Ks(z) :
K (x) P (zt7+1sﬁ+1) P (zqrm+1sﬁ+1tw+1>
1 q P
K2(x) - 3 (xra+1tw+1> P (xpraﬂsﬁﬂtwﬂ)
= %p q
The multisets Ty = {s, 5 | A(z)} and T = {s, 5 | B(x)}, or
Tp =Tk, NTk, U {t,tQ, ...,ty+1}

will be obtain using the property (1). Since ged(nip, n2q) = 1, we have necessarily

P#q pFs
g#r  r#s
It remains 14 cases given by (if we denote only the distinct prime numbers)
1 pqrst 8  pqrqq
2 pqrsr 9  pqgpst
3 parsp 10 pagpsp
4 parsq 11 pagpsq
5 pqrqt 12 papqt
6 pqrgr 13 papgp
7 pargp 14 papgq

The verification of (T2) by each of the 14 cases leads to the previous theorem,

because the result is unchanged if we replace each prime power of the form r by

a multi-index r{*ry?...rom.

e Case 1: p,q,r,s,t distincts

Proposition 11. Let n be n = pgningns. If ng = r°t1, ny = s and nz =
Y+ where p,q,r,s,t are distinct primes > 2, then the sets of cyclotomic polynomial
indices of the standard aperiodic canon are

Ta = {1, gH{1,r....,7H1,s,....,s"TH{1,t,.... 7T} U
s{L,pH1,r, ., r 1, s, ..., P {1, ¢, ..., 0F1}
Tg = {t.t%, .. " Y ug{l,s,...s {1, t, ..., 00T}
Up{l,r, .., 71 ¢, ., 7T}
U pg{l,r,....r"" 1, s, ..., "1, ¢, .., 0 F)
and the sets of prime powers

Sa = {r,...7ro‘+17s,..‘,sﬂ+1}
SB = {t7t27”'at7+17puq}
satisfy(T2).
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Proof. For the polynomial K7 (x)
Ki(z) =@, (xthSBH) o, (xqrﬁlswltw“)
We get
Tk, = q{l,s,...,sﬁJrl}{l,t,...,t%Ll}Up{l,q}{l,r,...,ro‘+1}-
{1,s,...,s" T {1, ¢t,..., 71}
In the same way, for Ka(z)
Kate) = 8, (5707 ) @, (27500
We have
Tk, = q{L,p}{1,r ...,r*H1,s, ..., "1, .., 77} U
p{L, 7, r T 1t L T
Consequently,
Tg = TK1 QTK2 @] {t,t27 ...,t’y—H}
= {12, T Uug{l,s, ..., P18, L 0
Up{l,r ..., r*TH 1, ¢, ..., 07T
U pg{l,r,...,roT 1, s, ..., s T, ¢, ... 0}

e Case 2: t =r, and p, q,r,s distincts

Proposition 12. Let n be n = pgningns. If ny = r®t1, ny = sP*1 and ng = r/+1
where p, q,r, s are distinct primes > 2, then the sets of cyclotomic polynomial indices
of the standard aperiodic canon are

Tha = r”’”{l,q}{l,r,...ma}{l,s,...,sﬁﬂ}U
s{l,p}{l,r,...,r“+7+2}{1,s,...,sﬁ}
Tg = {rr% .7 U ¢{l,s, ..., s T{1,r, . 0T

Up{L,7,...,r* 1} U pg{l,r, ..., r“t {1, s, ..., 571}
and the sets of prime powers
Sy = {7t et 0t
Sg = {r, .., p g}
satisfy (T2)
Proof. Replacing t by r in A(z), we have

YH1 gB+1 Y1 B+ Y1 gB+1
Aw) = 0 (T g () s (77

Y+l a1 ~y+1 a1 ~yH1 a1
O, (o) @ (&) Ly (07T

Using the property (1)

A(a:) = ‘I)Twrz (.Z‘SBJrlq) ‘I)Twra (.rSBJrlq) ...(bra+w+2 <x56+1q) .

2 2 2
‘I)s (xTa‘F’Y‘F p) <I)52 ($TQ+W+ p> -.-‘I)Sﬁﬂ (:I:Ta+’¥+ p)
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We get
Alz) = H @ pria () H D+ (). H D atqt2 (2)
u|gsB+1 u|qsB+1 u|gsP+1
H Dys(z) H Dys2()... H P, 5041 (2)
v|pro+r+? v|pro+r+2 v|praty+e
Consequently,
Ty = 7 2{u, u| qros’ Y Us{v, v | protrt2s8)
T2 g L, s, L, sP T U
s{L,pH1,r, ..,r*" 2 1 s, .., 9}
and
Tg = {rr% .Y U ¢{l,s, ..., s T, r T

Up{L,7,...,r*} U pg{l,r,...,roT1}H{1,s,..,s° 1}

e Case 3 : t =p, and p,q,r,s distincts

Proposition 13. Let n be n = pgninang. If ny = r®t, ny = s%11 and ng = prt!
where p,q,r,s are distinct primes > 2, then the sets of cyclotomic polynomial indices
of the standard aperiodic canon are

Ty = r{l,q}{l,r,...,r“}{l,s,...,55+1}{17p,...,p7+1} U
S{l7p}{1’ r’ "'7Ta+1}{17 87 ccty Sﬁ}{l’p7 "'7p’y+1}
TB - pV+2{17r7“.7ra+1}Uq{l’s’ ""Sﬁ+1}{17p’ ""p’y-‘rl}

Up ™ 2q{l,r,....ro " 1, s, ... s YU {p, .., p7T 1}
and the sets of prime powers
Sy = {r,..,rotl s . st
Sp = {p,...0"*q}
satisfy (T2)

Proof. We get
Kl (1') - (I)q (xsﬁﬂpw“) (bp'Y‘FQ (xqr&+15[f+l>

and BH1, y+1 1 8+1
Kg(x) = (I)per? <l‘s P’ ) (I)p»y+2 (:L,qr"‘ s )
Thus
Tk, = ¢{1, ..., Sﬂ+1}{1,p, ...,p’y"'l} Up’H'Q{l,q}{l, T, r°‘+1}{1, s sm'l}
and

T, =" 21,7, ,ro MY Ug{l,p, .., p? P21, 7, o P, L 8P
Consequently,
T = p P2 {1,r..,r* M ug{l,s, ... sy up,..,p™1}
Up ™ 2¢{1,r,..,r* 1 }H{1,s, ..., s}
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e Case 4: t = q, and p, q,r,s distincts

Proposition 14. Let n be n = pgninsns. If ny = r*th ny = s and ng = 71!
where p,q,r,s are distinct primes > 2, then the sets of cyclotomic polynomial indices
of the standard aperiodic canon are

Ty = r{l,q}{lm,...,r“}{l,s,...,sﬁ+1}{1,q,...,q7+1} U
8{17p}{1’ T’ ""Ta+1}{1757 "'7Sﬁ}{1’q7 "'7q’y+1}
TB - q’7+2{178’ ""86+1}Up{17r7 "'7Ta+1}u{q7"‘7q’y+l}

Upg" 2 {1,r,...,ro 1 1, s, ..., sPH1}
and the sets of prime powers
Sy = {r,..,rotl s L 0T
S = {q,- "% p}
satisfy (T2)
Proof. We have

Ki(z) = @42 (xsﬁﬂ) @ (xraﬂsﬁﬂqwz)
=9, .,
and +1, y+1 1 e
KQ(J?) = (bp (mr"‘ pY ) (querQ (xp,ra s )
Thus
Tiey = @b P Up{Lr o r L P L g )
and

Tr, = p{1,p, ..., D"V H L, vy r Y U2 {1, pH{L, o o, L PP
Consequently,
g = q7+2{1,5,...,8ﬁ+1}Up{l,r,...,ro‘”q}u{q,...,q%Ll}
Upg" {1, 7, ...,r* 1 1, s, ..., s°11}

e Case 5: s = q and p, q,r,t distincts

Proposition 15. Let n be n = pgninons. If ng = rot ny = ¢! and nz = t7 1!
where p,q,r,t are distinct primes > 2, then the sets of cyclotomic polynomial indices
of the standard aperiodic canon are

Ty = r{l,r,...,ro‘}{l,q,...,qﬁ+2}{l,t,...,t7+l} U
q{l,q,...,q’g}{l,p}{l,r,...,ra"'l}{l,t,...,t'y"'l}
Tg = {t,..,t77 U P21t 00 U p{l,r, T 1 0T

U pd® T2 {1, r, o r® T8, L 0T
and the sets of prime powers
Sy = {r,..,roTlq, .. P}
Sg = {t,.t""  p,¢°?}
satisfy (T2)
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Proof. We have
Ka(0) = gons (277 @, (2770

and
Ka(w) = @ (") @y (2770
Thus
Tr, = ¢"T2{1,.., 77 U p{l,q,....,d° P2 {1, r, ., r o1, . 1)
and

Tr, = p{1, 7, .., P, . O YU P21, py {1,y e T, L 0T
Consequently,
Tg = {t,.. 00"V UP2{1, .0} U p{l,r, .o, L 0T
U pg® {1, 7, ...,ro 1, ., 0T

e Case 6: t =r, s =q, and p, q,r distincts

Proposition 16. Let n be n = pgninsns. If ng = r*tl ny = ¢®*t1 and ng = r+!
where p,q,r are distinct primes > 2, then the sets of cyclotomic polynomial indices
of the standard aperiodic canon are

Ty = r7+2{1,r,...,ra}{l,q7...7qﬁ+2} U
af{LpH{L,r, . r* Y1, q, . 07}
Tg = q5+2{1,r,...,7“7+1}Up{l,r,...,r“+7+2}

Upg® 2 {1, 7, ...,roT 2 U {r, ..., T
and the sets of prime powers
Sy = {r,..,roF2 g L
Sg = {r,..,r" p P
satisfy (T2)
Proof. We have

Kl (:E) = (I)q5+2 (xrwl) @p (xra+w+2q3+2)
and

Ky(z) =, (xr ot )¢q5+2 (;UW o+ )
Thus

Tk, = ¢"P{1, ..r " Y Up{l,q, ..., " P21, r, ..,ro T2}
and
Tr, = p{L, 7y ooy 7210 P21, p {1, r, o ro T2

Consequently,

T = qﬁ+2{1,7‘,...,r7+1}Up{l,r,...,r”‘+7+2}
qum'z{lm7 ...,ro‘+'y+2} U {r, ...,r”"‘l}
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e Case 7: s=q, t =p and p, q,r distincts

Proposition 17. Let n be n = pgninans. If ng = rotl ny = ¢! and ng = p7*!
where p,q,r are distinct primes > 2, then the sets of cyclotomic polynomial indices
of the standard aperiodic canon are

Ty = 7‘{1,7‘,...,ro‘}{l,q,...,qﬁ+2}{1,p,...,p'”l} U
q{l,q7...7q5}{17p,...,p7+1}{1,r,...,ra+1}
TB = {p7 "‘7p’y+1} U q/8+2{]‘7p’ ""p’y+2} U p7+2{1’7" ""lraJrl}

U p 2P0, L e T
and the sets of prime powers
Sy = {r,...r*Tl q .., ¢°1}
Sg = {p,...p""2,¢°?}
satisfy (T2)
Proof. We have
Ky (2) = ®yos (Ipwl) B, io (xq6+2r“+1)

and
Kg(x) _ (I’pw+2 (xraﬂ) <I>q/s+2 (xro“rlp"/+2>
Thus
Tk, = q5+2{1, P’ U 1, ...,qﬁ'*'g}{lm7 eyt
and

Tr, =" P2 {1, r, ., Y U P2 {1, r T, L, p 2
Consequently,
T = {p,...p" '} U PH2{1,p, ., p" 2 U 21,0, L 0t
U p 22 1, L ety

e Case 8: s=t =q, and p, q,r distincts

Proposition 18. Let n be n = pgningnsz. If ng = r*tL ny = ¢ and nz = ¢!
where p,q,r are distinct primes > 2, then the sets of cyclotomic polynomial indices
of the standard aperiodic canon are

Ty = r{l,r,...,r*H1l,q,...¢°* 3 U
q7+2{1,q,...,qﬁ}{l,p}{l,T,...,ro‘+1}

Tp = {g ™'} U {") U p{Lir e 1 g, M)
U pg® 31, r, ..., rot1}
and the sets of prime powers

_ +1 +2 +v+2
SA - {T"”’TQ ’q’Y 7"'7qﬁ K }

1 +3
*H-, B+ ,p}

Sg = {¢,-q""q

satisfy (T2)
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Proof. We have

Kl (x) _ ‘I)q6+7+3 (x) <I>p (xq5+7+3ra+1)
and
a+1 1 a+1
Ks(z) = @, (xr T )(I)q5+w+3 (xpr i )
Thus
T, = {7} U p{Lq,....d" 3 L, r, oty
and

Tk, :p{l,r,...,ro‘+1}{1,q,...,q“’+1} Uqﬂ+7+3{1,p}{l,r,...,r""H}
Consequently,
Ts = {g ..} U {2 U p{Lr, T {1, q, 0}
U pg®H 31, r, .., rot1}

e Case 9: r = p, and p,q,s,t distincts

Proposition 19. Let n be n = pgninans. If ni = p®tl ng = s and ng = 71!
where p,q,s,t are distinct primes > 2, then the sets of cyclotomic polynomial indices
of the standard aperiodic canon are

Ta = p{l, g1, p,....p°H{1,s,...,s"TH{1,¢t, ..., 0} U
s{l,p,...,po‘+2}{1,s,...,sﬁ}{l,t,...,t”+1}
Tg = {t,..t77'} U ¢{1,s,...,s" T H{1,¢t,..., 7}
U p®t2{1,t, ...t U pt2g{l, s, ..., s T1H1,t, ..., 01}
and the sets of prime powers
Sy = {p,..,p*l,s, ..., M1
Sp = {t,..,t7T1 p*T2 g}
satisfy (T2)
Proof. We have

Ka(e) = @ (270 ) s (a7077)

and
~y+1 a+2 1yv+1
KQ(,T) = (I)pa+2 (CCt - )Q)q (l‘p et )
Thus
TKI = q{17 ey S/B+1}{17t7 ""thJFl} Upa+2{17q}{17 ey Sﬁ+1}{1’t7 "'7t’y+1}
and

Tr, = 2{1,t, ., T Ug{L,p,..,p° 21, ..., P11, t, . 00T
Consequently,
Tg = {t,...,t""} U ¢{l,s,...,s"T{1, ¢, .., 0F)
U p®t2{1,t, ., t T U pot2g{1,s, ..., s T 1, ¢, ..., 7T}
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e Case 10: r =t = p, and p, q,s distincts

Proposition 20. Let n be n = pgningns. If ng = p®th, ng = s and ng = pr*!
where p,q,s,t are distinct primes > 2, then the sets of cyclotomic polynomial indices
of the standard aperiodic canon are

Ty = p™1,¢{1,p,....p°H1,s,..,s°T1} U
s{]'?p7"'7pa+’y+3}{]'7sﬂ"'786}
Tz = {p,...p""} U {P* T3} U ¢{1,s,....,s" T H{1,p,....p" "1}
U p* ™31, s, ..., 871}
and the sets of prime powers
SA = {p,‘/+2’ ""pa+’y+2757"'75/@+1}
SB = {pv"'vp’y+17pa+’y+33q}
satisfy (T2)
Proof. We have
Kl(x) _ q)q (xsﬁﬂpwﬂ) ¢pa+’y+3 (xqsﬁﬂ)

and
e% 3 _B+1
Ka() = ®yasria (2) @, (a7
Thus
Tk, = q{1, ..., sﬁ"'l}{l,p, ...,p'H'l} Upo‘+7+3{1,q}{l, - sﬂ"'l}
and
Tr, = {p* 3} Uug{l,p,...,p* 341, ..., s}

Consequently,

T = {p,...,p'ﬁ'l} U {po‘+7+3} U q{l,s,...,55+1}{1,p,...,p7+1}
U p"‘Jr""Hq{l,s7 ...,SB-H}

e Case 11: r =p, t = q and p, q,s distincts

Proposition 21. Let n be n = pgninsns. If ng = p®tt, ny = s and ng = 71!
where p,q,s are distinct primes > 2, then the sets of cyclotomic polynomial indices
of the standard aperiodic canon are

TA - p{17p7 ""pa}{17q7"'7q’y+2}{1787 "'7sﬁ+1} U
S{l7p7 "'7pa+2}{1’87 "'75/8}{17q’ ""q’y+1}
Ts = {g,...a""'} U ¢ {1,s,..,s" T} U p*{1,q,.., "}

U p 2 +2{1,s, ..., 5771}
and the sets of prime powers
Sy = {p,...,p*,s, ..., 8P
Sp = {q,....,q" T, p**?}
satisfy (T2)
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Proof. We have
K1 (1}) = (bqwrz (x56+1> (I)paJrz (1‘56+1qw+2)

and +1 +2 B+1
Kg(x) = (I)pa+2 (:Eq’Y ) (I>q~,+2 (xpa 8 )
Thus
TKl = q’y+2{17 ey Sﬁ+1} Upa+2{17 ey 3/8+1}{17q? b q’y+2}
and

Tk, :p‘”‘g{l,q, ...,q'Y'H} Uq'y+2{1,p, ...,pa+2}{1,...7sﬁ+1}
Consequently,
T = {q,...,qﬂ'l} U q7+2{1,s,...,56+1} U p°‘+2{1,q,...,q7+1}
U pt2g {1, s, ..., s7 1}

e Case 12: r = p, s = q and p, q,t distincts

Proposition 22. Let n be n = pgninons. If ng = p®*tt, ny = ¢°*1 and ny = 7+
where p,q,t are distinct primes > 2, then the sets of cyclotomic polynomial indices
of the standard aperiodic canon are

TA == p{l’p7"'7pa}{17Q’ ""q/8+2}{17t7 "'7t7+1} U
q{l,p,...,pa+2}{1,q,...,qﬁ}{l,t,...,t""'l}
T = {t,..t"""Y U STt .0 U

U po T2 {1, t, ., 7 U pet 2P0 8, L 0
and the sets of prime powers

SA = {pa"'apa+1aq7"'7q6+1}
SB {ta ey t’y+1apa+2a qﬁ+2}

satisfy (T2)

Proof. We have
K1 (:17) = ‘bq[ﬂ.z (l‘tw—l) (I)pcwrz (Iqﬁ+2tw+1)

and . -
Kg(x) = @ww (:L'tﬂ/ ) (I)q5+2 (Ipa ¢ )
Consequently,
Tr, = ¢°P2{1,t, .., O Upt2{1, ..., ¢° 2 H{1,¢t,... 011}
and
Tk, = p*T2{1,t,..., 71} uU qﬁ+2{1,p7 S N I A A
Thus

Tp = {t,.t"7} U ¢F2{1,¢t,.., 00T} U
U pa+2{17t, .”’t’Y-ﬁ-l} Upa+2qﬁ+2{1,t, ”.7t'y+1}
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e Case 13: r =p, s =q, t = p, and p, q distincts

Proposition 23. Let n be n = pgninang. If ni = p®tl, ny = ¢! and ng = pr*!
where p,q are distinct primes > 2, then the sets of cyclotomic polynomial indices of
the standard aperiodic canon are

Ta = p"21,.,p°H1,q,....¢°?} U ¢{l,q, ..., {1, ... .pet 3
Tp = {p,.p’™} U (™) U 7P {Lp 7T} U {72
and the sets of prime powers
Sy = {pF2 . ptT2 g P
S = {p,...,p7+1,p°‘+7+37q5+2}

satisfy (T2)

Proof. We have
Kl(z) = (I)qﬁ+2 (xpﬁ—l) q)pa+~r+3 (:Eq[H—Q)

and s
Kz(x) = (I)pa+~,+3 (l‘) (ﬁqﬁJrz (xpa K )
Thus
TKl = qﬂ+2{]‘7p7 "'7p’y+1} Upa+’y+3{1’ ""qﬁ+2}
and

Tx, = {p* 7 U™ 2 {1, p, . p* %)
O

Remark. For a = 3 = v = 0, we find the sets Ta = p?{1,q,¢*} U ¢{1,p,p? p*}
and Tg = p U p> U ¢*{1,p} U ¢*p3. For n =72, p = 2, ¢ = 3 we recover the
example of the previous section.

e Case 14: r = p, s=t = q, and p, q distincts

Proposition 24. Let n be n = pqningns. If ng = p®t, ny = ¢®+1 and ng = g7+
where p,q are distinct primes > 2, then the sets of cyclotomic polynomial indices of
the standard aperiodic canon are

Ty = p{l,...,po‘}{l,q,...,qﬁ+7+3} U q7+2{1,q,...,qﬁ}{l,...,paJrQ}
Tp = {g,q*'} U {77} U p*2{L g, ) U {7
and the sets of prime powers
Sy = {p,...,p("+1,q'y+2,...,q6+7+2}
Sp = {q’.'.7qv+1’pa+2’qﬂ+7+3}

satisfy (T2)
Proof. We have
B++3
K1 (CC) = ¢q,6+w+3 (CL‘) (Ppa+2 (.Tq >
and . ,
KQ(I) = (I)pa+2 (:L’qﬂd— ) ‘I)qﬁ+w+3 (Ipn+ )

Thus
Tx, = {d"P3Yup {1, ...,¢" "3}
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and

Tk, = p°‘+2{1, ey q'y"'l} U qg'*"y"'?’{l,p7 ...,pa+2}

2

4. Some other tiles

Lagarias and Szabé [10] proposed the following aperiodic canon as a counterex-
ample to Tijdeman’s conjecture.

U = 36{0,1,..,4} @ 100{0, 1,2} & 225{0,1}

vV = {0,30,60,126,180, 210, 220, 240, 300, 306,
330, 360, 375, 390, 480, 486, 510, 520, 540, 570,
660, 666, 690, 750, 780, 820, 825, 840, 846, 870}

The indices of the cyclotomic polynomials are

v = {2,3,5,6,6,10,10,12,15,15,18,20, 30, 30, 30,45, 50,
60, 60, 75, 90, 90, 150, 150, 180, 300, 450}
{4,9, 25, 36, 100, 225,900}

Ty

The polynomial V(J}) = @4‘1’9@25@36¢)100¢225¢900¢($) has a complicated remain-
der Y(z) =1 — 22 — 2% + ... — 2427 — 2428 1 2430 The standard aperiodic canon
corresponds to the case 12 (pgpgt) with o = 6 =0, v = 1, t = 5, p = 2,
qg=3(rp=23q=2),A=100{0,1,2} ¢ 225{0,1}, B = K; UTi(Ks) U
U Tyu(K,), Ky = 75{0,1,2} @ 450{0,1} and K> = 36{0,1,2} & 6{0,1}. For
K3 =36{0,1,...,4}, the characteristic polynomial leads to the following set Tk, =
{5,10, 15,20, 30,45,60,90,180} = 5{1,2,4}{1,3,9}. The set T4 and T are linked
to the sets Ty and Ty by

Ty, = {2,3,6,6,10,12,15,18,30, 30,50, 60, 75, 90, 150, 150, 300, 450}
= Ty \ Tk,
and
Ts = {4,5,9,20,25,36,45,100,180, 225,900}
= Ty U {5,20,45,180} =Ty U 5{1,4}{1,9}

The cyclotomic structure of the solution of Lagarias-Szabd is different from the
cyclotomic structure of the standard aperiodic canon, but closely linked to it.
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