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The Tonnetz
(or hexagonal tiling honeycomb)




The Tonnetz as a torus
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The Tonnetz and its symmetries
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Spatial symmetries in pop music

Guy Capuzzo, "Neo-Riemannian Theory and the Analysis of Pop-Rock Music", Music Theory Spectrum 26(2), 177-199, 2004
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Trajectories and harmonic progressions in the Tonnetz

Guy Capuzzo, "Neo-Riemannian Theory and the Analysis of Pop-Rock Music", Music Theory Spectrum 26(2), 177-199, 2004
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Symmetries in Frank Zappa’s music
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Symmetries in Frank Zappa’s music: the generating cell

Guy Capuzzo, "Neo-Riemannian Theory and the Analysis of Pop-Rock Music", Music Theory Spectrum 26(2), 177-199, 2004
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Symmetries in Zappa’s music: the P’ transformation

*  Guy Capuzzo, "Neo-Riemannian Theory and the Analysis of Pop-Rock Music", Music Theory Spectrum 26(2), p. 177-199, 2004
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The generating cell and its spatial transformations

Guy Capuzzo, "Neo-Riemannian Theory and the Analysis of Pop-Rock Music", Music Theory Spectrum 26(2), 177-199, 2004
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The trajectory of the harmonic progression

Fa la. La, Sol Ré fa# Fa Mi Si la# Ré Ré, La,do_Si Si,
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Symmetries in Paolo Conte’s Madeleine
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Madeleine’s spatial trajectory

La, Ré, Si, Mi, Si Mi Ré Fa, Ré Sol Mi La Ré La, R, Do Mi,
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Partial covering of the Tonnet;

Prefudio Moderato

g e : ! ! ! : - ) : ! )4 . 0 /4
e RE e e e o o« . . - .7 Lab—Réb/Fa—Sib’—=Mib’/Réb

(:lau\ Las RevFa Sis Miv/Re . Si/Ret M Dos Fas .
et = =i === 2%
- A -.u o il megho @ 1) a '.\ n‘- o - _l_ " N
= |72 PR - - ; :- e ik g - — Tt m s s w4

% i - . _. |l_—b _!
1 % : |::1' ° qul - che vl - ta 4 o . - ! che  qul '::--nlfn -

e g——— *

f A =eeieri= o es . : R s mm et (TN T R : ek
f by ' — e | pRE.

, Rella Sol My La Re La¥ Res Do MI¥

5, >° - : \ — gy z P r e L — T — ! 3 3 3
ot —iae " SSEE=TE = = S=ai=o 9 M T Missing major
3 2 P —— —— 2 R — = — —2 - - 2 3
6’: — f- —= s TP P ' ==== u"-{_ Nel e ;.f '.'._.,, ¥ .L._Q EEQ:’J’) Lfg = :
N ma - . 'h cm-20 - De por |- -t e mlre - Vel come_un' al - u ‘.‘-'u vista
na 1o B LR rerze. —+ Q
((5. o e MEa T ll.”?.. - 1 51 e g Khe e o N -
:\ — i i: 3 s s :6 kg Se Xgit = - é = ,,‘,"
- - « ] B
S. La Via, Poesia per musica e musica per poesia. - 0" 0
Dai trovatori a Paolo Conte, Carocci, 2006 _
v
a .x A

[T —m s e mmm - === - gf

(o o]
@™

> Lab—Réb/Fa—Sib’—Mib’/Réb —‘

> Si/Ré#—Mi—Do#—Fa# _‘

—> | Ré/La—Sol—Mi’—La’ _‘

Mo e e e o o e e .

—>| Ré—>Lab’—>Réb—Do’—>Mib Qe B G g




Extract of the 2" movement of the Symphony No. 9
(L. van Beethoven)
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Enumeration of Hamiltonian Cycles in the Tonnetz
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G. Albini et S. Antonini, « Hamiltonian Cycles in the Topological Dual of the Tonnetz », MCM 2009, Springer




Aprile, a Hamiltonian « decadent » song

D0<—d0m<—Sol#<—fam<—Fa<—la <—La<fa# < Fa#<sib_<Do#<do#
\ 4 %

mi_—Sol—si —Ré—ré_—Sib—sol —Mib—mib —Si—sol# —Mi

Socchiusa é la finestra, sul giardino.
Un’ora passa lenta, sonnolenta.

—>
Ed ella, ch’era attenta, s‘addormenta H

A quella voce che gia si lamenta,

Che si lamenta in fondo a quel giardino.

3
.l
ol

Non é che voce d’acque su la pietra:
E quante volte, quante volte udita!
Quell’amore e quell’ora in quella vita
S’affondan come ne l'onda infinita
Stretti insieme il cadavere e la pietra.

Ella stende l'angoscia sua nel sonno. bani <, d::.
L’ang9scia é forte, e il sonno é cosi lieve! P -
(Par fn luce d’april quasi una neve (
- o

che sia tiepida.) . ~ 2 f\? - ~ 3
Ed ella certo deve soffrire, o) t 3
Vagamente, anche nel sonno. E 'i —J

G. D’Annunzio (1863-1938)



Do<do, «<Sol#<fa_<Fa<la <La<fa# <Fa#<sib_<Do#<do#
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= Hexachord
(by Louis Bigo, 2013)



Aprile (d"'apres Gabriele D’Annunzio)

M. Andreatta, « Math’n pop : symétries et cycles hamiltoniens en chanson », Tangente

A l‘ ( 0 4D & 2D Visualizations
t%’ Hamiltonian Cycles

M.Andreatta, G.Baroin 2013

Lyrics: Gabriele dAnnunzio

Music and Vocals: Moreno Andreatta

Hypersphere and Ideogramms: Gilles Baroin

Original "Chicken Wire" graph: J.Douthett, PSteinbach

http://www.mathemusic.net




Hamiltonian Cycles with inner periodicities
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La sera non ¢ piu la tua canzone
(Mario Luzi, 1945, tratto da Poesie sparse)

La sera non ¢ piu la tua canzone,
¢ questa roccia d’ombra traforata
dai lumi e dalle voci senza fine,

la quiete d’una cosa gia pensata.

Ah questa luce viva e chiara viene
solo da te, sei tu cosi vicina

al vero d’una cosa conosciuta,

per nome hai una parola ch’¢ passata
nell’intimo del cuore e s’¢ perduta.

Caduto ¢ piu che un segno della vita,
riposi, dal viaggio sei tornata

dentro di te, sei scesa in questa pura
sostanza cosi tua, cosi romita

nel silenzio dell’essere, (compiuta).

L’aria tace ed il tempo dietro a te
si leva come un’arida montagna

dove vaga il tuo spirito e si perde, @
un vento raro scivola e ristagna.




Le blé en herbe

(Polo/Moreno/Dieu)

Plonger comme un enfant, cheveux au vent
Sous I'océan du blé en herbe

Marée d’épis couleur d'amande

Qui tendent a caresser le ciel

Algues tendres de mille plages
Frélant le ventre des nuages
Cheveux de pluie, dos de poissons

Qui frissonnent a l'unisson

Suivre le bord des continents
Dans I'océan du blé en herbe

Pécher le corail du pavot

Dans le sang des coquelicots

Croiser matin dans I'herbe folle
Deux tourterelles qui s’envolent
Suivre les jeux des hirondelles

Sur le paysage éternel

Nager comme un enfant, cheveux au vent

Sous l'océan

Du blé en herbe

Marée de fruits au got amer

Acide et salée comme la mer

Vers l'ilét d’un petit village

Vers un chateau d’'eau sur la plage
Quand tout s’éteint avant I'orage
Quand se léve le vent du large

Sur le blé vert

S

Math’n Pop
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The use of constraints in arts
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Building Chord Complexes

L. Bigo, Représentation symboliques musicales et calcul spatial, PhD, Ircam / LACL, 2013

* Assembling chords related by some equivalence relation
— Transposition/inversion: Dihedral group action on P(Z,))
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Classitying Chord Complexes

L. Bigo, Représentation symboliques musicales et calcul spatial, PhD, Ircam / LACL, 2013

e Complexes enumeration in the chromatic system
C :

d | complexe taille by, p-v | X
- Ko 0 0 0
Kp[3:4,5] 0 K 11[0] 0 (0] o
[Cohn — 1997] Kory(1,11] 12 1, 1] X | 0|
"\".'['/I'Z. l()] 12 [2. 2 0
! K11(3,9] 12 3, 3] 0
K111, 8] 12 (1, 4] 0
Kri(5,7) 12 1, 1] x |0 ]
Kr1(6. 6] 6 6. 0] 6
K (1,1, 10] 12 (1, 1, 0] x [0
Kpil2,3,34] Kri(l,2, 9‘ 21 [1.2,1] X [0
[Gollin - 1998] K:(1,3,8) 24 1, 2, 1] X | 0]
Kri(1,4,7 24 (1,2, 1] x [0
A”l )(‘ 24 [l.l.(i} 6
o Kri(2,2,8] 12 (2,2, 0] 0]
- Kr12,3,7 24 1, 2, 1 X 0
A,,zx 5] 24 2.2, 6 76
Ky[2,2,3] Kr1(2,5, )j 12 1, 1,(& X [0 ]
[Mazzola — 2002] K17(3.3,¢ 2 3,0, 3] 6
> Kri[3,4,5) 24 1,2, 1] X | 0
° ° . O K” 4,4, 1 1 [l.“. ()} [ 1 ‘
Kor1,1,1,¢ 12 1, 1,0, 0| X 0
/\/\/\/\ K-”'.llzzs 24 1,1, 12, 0] [127]
¢ ¥ ¢ ¢ o Kri[1,1,3,7)] 21 1,2, 13, 0] 12
K1i/1.1,4,6] 21 1,1, 18, 0] 187
Kri1.1,5,5] 12 1,1, 6, 0] 6




Analyzing harmonic progressions as paths in a generic Tonnetz

N 1 l R e [alele 'j.
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O-cell @ note 2-cell choad { }
{C.G} {C.E}
2-note 4-note
1-cell chord 3-cell chord
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G (E,G} E

* L. Bigo, M. Andreatta, J.-L. Giavitto, O. Michel, A. Spicher, « Computation and Visualization of Musical Structures in
Chord-based Simplicial Complexes », MCM 2013, McGill University, Springer, LNCS.

* Bigo L., D. Ghisi, A. Spicher, M. Andreatta (2014), Proceedings ICMC|SMC|2014, 14-20 Sept. 2014, Athens (revised and
enlarged version forthcoming in Computer Music Journal, 39(3), 2015)

* Bigo L., M. Andreatta, « Musical analysis with simplicial chord spaces », in D. Meredith (ed.), Computational Music
Analysis, Springer (in press)




Analyzing harmonic progressions as paths in Hexachord
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2-compactness

The spatial character of the « musical style »

Bigo L., M. Andreatta, « Musical analysis with simplicial chord spaces », in D. Meredith (ed.),
Computational Music Analysis, Springer (in press)
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The spatial character of the « musical style »
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The « shape » of space distributions in jazz standards
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Beatles’ ‘natural’ Space and stylistic embeddings

hey_jude
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Musically interesting Trajectory Transformations
Isomorphism from a support space to a different one

BEATLES

e

3

Transformation sur I’espace Lotei e = Transformation musicale
trajectoire
Translation Transposition chromatique

Symétrie centrale

Inversion chromatique

Kl Xeo] 2 Kl Xeno] Rotation d’angle =t ?
Symétrie axiale
Homothétie 9
(<¢K:u71{xchm] 9 K:uﬂ'[x,c]uo]) ¢
Translation Transposition modale
Symétrie centrale Inversion modale
Kl Xoeolt 2 Kol Xieplr Rotation d’angle = ?
Symétrie axiale
Homothétie 9
(K Xpplr 2 KA X nepl1) ¢
Kl Xaeol 2 Kol X e Plongement 9
[ ]
Kl Xaeplt 2 K X pepl e Plongement ?
(]
Kl Xieplr 2 Kl Xieplr Plongement Transposition chromatique
(+ transposition modale)
Trace > Trace Isométrie Permutation dans le temps
des ensembles de notes
K>K Isométrie ?
K>K Plongement ?

L. Bigo, Représentation symboliques musicales et calcul spatial, PhD, Ircam / LACL, 2013




d in different support spaces
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The permutohedron as a parameter of style

(0123456780610 11) |

4 E
200 (1119] ; \b d e
------- : e
CoEeeo 280 | wERoo A Sn

(10 00028 sy | (23214 )
________ L / card
B / 3§
g = o 5-29 VAL T
Hraow | Zeeo | wEleoo oo 7, ceee A
g B -
o 203 Jasprrzan | apriny i
tzaza (16121512 11753211)
N o WEREEEENS
= Lo | == w2 illoo . “ .
a8l se 0:11126) n Y !ll.....-.*
(138 . < geecc  m
' 9 PP :lllIlll.ﬁb N
3 - . - [ ") ) o«
— =5 L Zaev | mEaaee sezriloon L2520 (\ ) o Q‘Z
= oo o N 9 *
. i (24 (1155 (111459 So-[rannsy . ' ' i *
200 gepan Leasas A R T e B =
o N —— 33 b (11136) (1W2234)
oo e | wEfheo 2z iloo e
o ] . y 111
-- 2270 sepa22e) Jseprinsg] Jeoprniag || et
201 256 . J
o 225y 2,
e e ]| e P | 30 [rige o e onite =
- ] W onees [ ] [ <
Tan 0 (V2560 w1238 Jsnprzas 1IN 1134 6:[11E11E24) N RRRRRREE] ‘::-"‘:3!.-.--
d l I | | | |
4139 Yy - e LA 11 113]
5 1228 — 1 = = = o B Ly
é, o o ::’n‘.. : ::f:‘:::l-' :5:”1‘:--' :;::-'31'3---" :::’qt:--‘:“ “:,'-'—" !tl:::“ ‘.':,"3:!5::::"
1:(12) EMN2ESM giprazaq) SE00 012340 [expana224 ) sy TRMELIIE12)) = eeprrrrrinni gty
« o - 174 e T
® - o 1o smoO”
- . N - P -5 <
sy MR =ik : e h PR oo il s L S22
2B (1335) o ax(11334] JS&[111333 e 101233 so:prr101223) TRMI1111222)
= -~ = — .’. — =
* =11 5 3
-
e 10246 % e | e T
LALREE N | EiS] ) 2224 ok ni I
- — e
- -
) el o 2o S i
~ 16:(255 e 3 '
T:[66) 0:[2226) 44:(12234) |, se:112233) 631122222
o =8 B
. & e Eiew
10038) 301199141 sct15t3s
i2ie) 112238 as12 1 1 ]

W | 3 4 5 6 7 8 9 10 11 12

19 43 66 80 66 43 19
12 29 38 50 38 29 12

A Uit N O DN
N L O D
[
[ N

L. Van Beethoven,
Quatuor n° 17

12 15 12 11 7 S5 3




Permutohedron and 7Tonnetz: a structural inclusion
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Permutohedron and 7Tonnetz: a structural inclusion
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The permutohedron of 77 possible partitions of 12
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Tabelle aller moghchen Intervallstrukturen

Adddaddadd

184, Nr. Intervalle
0
=P 1 12
20:[1 9
2 [ ]
ey 210 1 SR oey 4 5 T
(1110 ME LR T TS 4 448
jmmm————
"
12E e Ziwe wE i | e il : 5 44504
o129 2:00037 | sepii27 lagupan [ 349
" 7 34+4+5
= e e T oo : ! 8 34340
1136 » 1126, " (11136 * (12234
10:1 3 8] " o L 3434342
[ I Rl
= = = ey s dbioo 1! .:::::-“,.. H ’ 1w | 2 10
- e . L M ’
24:[1188 3 s s 13 . ) s
XM e 1| 3011145 o[ ‘-.,.f:J:LIA—--LLA—' 1 248545
[ H 3 q
= 122 S w o :::‘]L.-. .: 232 s imone 12 24440
N o !
'1 e 01227 3ocpaz2e) | s raqh e L LLAR R R AL 13 24347
3 (210 12:11 56) * 4 2434344
[
: e o wElee | el 18 24.34-8
sy S+ 26:(0236] 4011235 S 11228 611 NNds
411 9) 10 2424444
(. X122y = “Bo o H.. . 242
i -~ P | - i e 17 2424345
: H
2l = 2451 qipr24eq 8 15 2424240
n e = = — X 19 242424343
43 14237 =ik R T e A X
[ H « PRRIL JEAD A
R:[1)135) (11334 3 1333 L1232 @ ¥ 20 - = ¢
3 —— = o » B - - - -
o 0 ~ = 21 24+24+24+24242
- ey 2o i sz i mE e 20 T
15 [246) . 2
‘ 211344 a:01222% S&[12224q &4 11 22213 0 112222 0y .5 ¢
-
Q il CT Y I T N 24 +46+17
(66 16:[255) o) 6: (11223 ) s:1122222) 25 +3 4+
- 20 24
e g == :

1
0N oW w
¢ {
TR R E R R
- 4
@

+ 7
+3+3
23344

NN
t
w

">
-1

e e e e e e e e e e
S

"W
L]

Studia Musicodogira Academise Saendiarwm Hungaricae 9, 1967

W. Reckziegel, “Musikanalyse und Wissenschaft”, Studia Musicologica 9(1-2), 1967, 163-186




The permutohedron as a lattice of formal concepts
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* T. Schlemmer, M. Andreatta, « Using Formal Concept Analysis to
represent Chroma Systems », MCM 2013, McGill Univ., Springer, LNCS.
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Formal Concept Analysis: the double history

Algebraic
structures

Order \'

structures

opological
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* M. Barbut, « Note sur I’algébre des
techniques d’analyse hiérarchique », in B.
Matalon (éd.), L’analyse hiérarchique, Paris,
Gauthier-Villars, 1965.

* M. Barbut, B. Monjardet, Ordre et
Classification. Algebre et Combinatoire, en
deux tomes, 1970

* M. Barbut, L. Frey, « Techniques ordinales
en analyse des données », Tome 1, Algebre
et Combinatoire des Méthodes
Mathématiques en Sciences de |’ Homme,
Paris, Hachette, 1971.

* B. Leclerc, B. Monjardet, « Structures
d’ordres et sciences sociales »,
Mathématiques et sciences humaines, 193,
2011, 77-97

» R. Wille, « Mathematische Sprache in der
Musiktheorie », in B. Fuchssteiner, U.
Kulisch, D. Laugwitz, R. Liedl (Hrsg.):
Jahrbuch Uberblicke Mathematik. B.I.-
Wissenschaftsverlag, Mannheim, 1980, p.
167-184.

* R. Wille, « Restructuring Lattice Theory:
An approach based on Hierarchies of
Concepts », L. Rival (ed.), Ordered Sets,
1982

* R. Wille, « Sur la fusion des contextes
individuals », Mathématiques et sciences
humaines, tome 85, 1984.

* B. Ganter & R. Wille, Formal Concept
Analysis: Mathematical Foundations,
Springer, Berlin, 1998
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Formal Concept Analysis: the common root
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» M. Barbut, « Note sur l’algébre des
techniques d’analyse hiérarchique », in B.
Matalon (éd.), L’analyse hiérarchique, Paris,
Gauthier-Villars, 1965.

* M. Barbut, B. Monjardet, Ordre et
Classification. Algebre et Combinatoire, en
deux tomes, 1970

* M. Barbut, L. Frey, « Techniques ordinales
en analyse des données », Tome 1, Algebre
et Combinatoire des Méthodes
Mathématiques en Sciences de |’ Homme,
Paris, Hachette, 1971.

* B. Leclerc, B. Monjardet, « Structures
d’ordres et sciences sociales »,
Mathématiques et sciences humaines, 193,
2011, 77-97

» R. Wille, « Mathematische Sprache in der
Musiktheorie », in B. Fuchssteiner, U.
Kulisch, D. Laugwitz, R. Liedl (Hrsg.):
Jahrbuch Uberblicke Mathematik. B.I.-
Wissenschaftsverlag, Mannheim, 1980, p.
167-184.

* R. Wille, « Restructuring Lattice Theory:
An approach based on Hierarchies of
Concepts », L. Rival (ed.), Ordered Sets,
1982

* R. Wille, « Sur la fusion des contextes
individuals », Mathématiques et sciences
humaines, tome 85, 1984.

* B. Ganter & R. Wille, Formal Concept
Analysis: Mathematical Foundations,
Springer, Berlin, 1998

Formal k
Concept Analysis
Votenscs w—'



Formal Concept Analysis and topology: the Q-analysis
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Concept lattice vs simplicial complex

g1 p M4
Lattice  >f Simplicial
s : ) my | my | my | ma complex
‘ g1 X X X my | mo
0— 2 = x — g2
g3 X X
g4 X X
c1 Q‘ O g5 X g3 \/ g4
m3

Lattice c3

complex,, o
c1 ()

C5

Lattice-based and Topological Representations of Binary
Relations with an Application to Music Under reviewing

(Annals of Mathematics and
Artificial Intelligence)

Anton Freund - Moreno Andreatta -
Jean-Louis Giavitto




Concept lattice vs simplicial complex

Simplicial

Lattice  *7
e | . mi | mz | m3 | my complex
g1 X X X my | M2

Lattice c3
complex,, o
(&1
Cs
Conclusions:

* The concept lattice alone cannot be fully reconstructed from the simplicial complex
* The simplicial complex cannot be fully determined from the concept lattice alone
* The concept lattice alone allows to determine the homotopy type of the simplicial complex




The simplicial complex of a Chopin’s Prelude

Somade, =» Hexachord
B (by Louis Bigo, 2013)
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Towards a topological signature of a musical piece
A structural approach in Music Information Retrieval

The simplices and their self-assembly O-simplx (DA 4 / I |\o c/ )\ .
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Signal/Symbolic articulation in MIR

dissonance
C#

Eb F#

=
B

G
F# Eb >
C# G
05
0.5 1.0 frequency ratio
C Db Eb F Gh Ab B Cc
Locrian mode Eb F#

M. Bergomi, Dynamics and Algebraic Topology Tools for Music in the Symbolic/Signal interaction domain, ongoing PhD

= Towards a geometric dynamic modeling of a musical piece ?

SPACE | —— ”  MUSIC

=» Towards a topological signature of a musical piece?




Musically interesting Trajectory Transformations
The “M” transformation




Musically interesting Trajectory Transformations
Automorphism of the support space

inversion

Rotation
(autour du do)




