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The ‘emergence’ of tiling rhythmic canons

s‘ Harawz (1945)

Harawz. rhythmlc redﬁctlon Q
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« ...i1l résulte de tout cela que les différentes
sonorités se mélangent ou s’opposent de manieres -
trés diverses, jamais au méme moment ni au R

méme endroit [...]. C’est du désordre organisé »

O. Messiaen: Traité de Rythme, de Couleur et
d’Ornithologie, tome 2, Alphonse Leduc, 1992.




The double movement of a ‘mathemusical’ activity
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Some examples of ‘mathemusical’ problems

M. Andreatta : Mathematica est exercitium musicae, Habilitation Thesis, IRMA University of Strasbourg, 2010

- The construction of Tiling Rhythmic Canons sl

- The Z relation and the theory of homometric sets ‘ Mww"m“‘f' |i$enef='*sadon ﬁ‘ i‘i‘“"" ']I[
- Set Theory and Transformational Theory . i
- Neo-Riemannian Theory, Spatial Computing and FCA : ﬂ z
- Diatonic Theory and Maximally-Even Sets |

- Periodic sequences and finite difference calculus
- Block-designs and algorithmic composition
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Tiling the line with translates of one tile




Formalizing the tiling process as set-theoretical operations

A=10,2,5,7;

M
A\ .
X \ A=1{4,6,9, 11}
B

3

N T AS18,10,1,3)

Z,,=A,UA,UA,
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Formalizing the tiling process as a direct sum of subsets

A=10,2,5,7;

et
A\ .
X \ A=1{4,6,9, 11}
B

3

b T AS1(8,10,1,3)

Z,,=A,UA,UA,

Z,,~A®B A=?
B=?



Formalizing the tiling process as a direct sum of subsets

A=10,2,5,7;

et
A\ .
> \ A=1{4,6,9, 11}
B

3

b T AS1(8,10,1,3)

Z,,=A,UA,UA,

Z.,=A®B A={0,2,5,7}
B={0,4,8}



Formalizing the tiling process as a product of polynomials

=10,2,5, 7} —

{4 6,9, 11} < *
\ \ =8, 10, 1, 3}¢T“

12_A1UA2UA3

\ Y Z,~A®B A={0,2,5.7)
' B={0,4,8}
Ry 1+ X I=4 (X)X B(X) mod x-1

o 0 o @ o o o @ A(x)=1+x2+x5+x7
L LB R L Be)=14xHxcS



The three ‘elementary’ types of tiling rhythmic canons
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The three ‘elementary’ types of tiling rhythmic canons

B s e i

ACZ,

B periodic
subset

BCZ,



The three ‘elementary’ types of tlllng rhythmic canons

Is Messiaen’s Property mandatory
for tiling rhythmic canons?

L s s

BCZ, +

\ Y
B periodic
subset \\




The Oddity Property and its tiling generalization

(Simha Arom & Marc Chemillier) (Rachel W. Hall & P. Klingsberg)

(03579111416 18 20 22)

(32222322222)
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3-asymmetric rhythmic pattern and tiling canons
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Permutational construction of a k-asymmetric pattern

s1 —> {0,1,2,3,4,5}
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Permutational construction of a k-asymmetric pattern
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Permutational construction of a k-asymmetric pattern

1 — {0,5,1,3,4,2} — {0,5,7,9,10,14} l
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Aperiodic Rhythmic Tiling Canons (Vuza Canons)




Tiling Rhythmic Canons as a ‘mathemusical’ problem

Minkowski/Hajos Vieru’s problem and Vuza’s Link between Minkowski problem and
Problem (1907-1941) Jormalization (PNM, 1991) Vuza Canons (Andreatta, Master diss. 1996)

' Hajos groups (good groups)
|

: Z/nZ with n € {p*, p°q, pqr, P4*, P*qr,
. pqrs} where p, ¢, r, s, are distinct prime

; numbers
In any simple lattice tiling of A Vuza Canon is a "= = = "= = === r—c-rmrmsmmrmm—
the n-dimensional Euclidean factorization of a cyclic group @

space by unit cubes, some in a direct sum of two non- . A, i
pair of cubes mu'st shzfre a periodic subsets ‘N on-Hajos group (bad groups)
complete (n-1)-dimensional ! .
face _ L 72 :
D Z/nZ =R®S | 108 120 144 168 180 :
> '-",? — e oo sensensenses e a0 nGnesene e ae s enreae e et enenas i 200 216 240 252 264 270 280 288 :
U d et er s s eesenes Sreresones et sersguenet , 300 312 324 336 360 378 392 396 !
[ L . 400 408 432 440 450 456 468 480 i
5 ‘ l OreasDOes0 sDsnrnnnsnnnnnnrnsn QresQeaQenn <:> ! i
, =4 1 e roreGee e rensserenes o ! 500 504 520 528 540 552 560 576 588 594 ;
)_l/ e steste st esies i 600 612 616 624 648 672 675 680 684 696 !
B " e | 700 702 720 728 744 750 756 760 784 792 |
. » _ S S S S o e + 800 810 816 828 864 880 882 888... :
[ | a : (Sloane’s sequence A102562) :
. [ | 4 M. Andreatta & C. Agon (eds), « Tiling | By < - - - - o o oo s

Problems in Music », Special Issue of the

Fuglede

Journal of Mathematics and Music, Vol. 3,
S. Stein, S. Szabo: Number 2, July 2009 (with contributions
Algebra and Tiling, by E. Amiot, F. Jedrzejewski, M.

Carus Math. Mon. 1994 || Kolountzakis and M. Matolcsi)

<:| Spectral
; Conjecture

(1974)



Fuglede Spectral Conjecture

A subset of the n-
dimensional
Euclidean space tiles
by translation iff it is
spectral.

(J. Func. Anal. 16,1974)

=>»False in dim. n>3
(Tao, Kolountzakis,

Matolcsi, Farkas and
Mora)

=» Open in dim. 1 et 2

DEFINITION 6 A subset A of some vector space (say R") is spectral iff it admits a Hilbert base
of exponentials, i.e. if any map f € L*(A) can be written

fx) =) fuexp(im.x)

for some fixed family of vectors (M), where the maps e, : x +> exp(2iwA,.x) are mutually
orthogonal (i.e. [, exe; = 0 whenever k # j).

ln=1

DerNiTION 8. A subset A€LZ is spectral if there exists a spectrum
AC‘[O,l] (i.e., & subset with the same cardinality as A) such that
2 M1 ds a root of A(X) for all distinct A,k EA.

AX)=1+X + X+ X7

iExample: i s

| A={0,1,6,7} D A={0,1/12,12,7/12} | | [
 since exp(xi), exp(ni/6), exp(-nif6), | i
| exp(571/6), exp(-Sm1/6) are the roots | e s
i of the associated polynomial | . 7. =B®A



Fuglede Spectral Conjecture and Vuza Canons

DEFINITION 6 A subset A of some vector space (say R") is spectral iff it admits a Hilbert base
of exponentials, i.e. if any map f € L*(A) can be written

f@x) =) feexp(imhi.x)

for some fixed family of vectors (M), where the maps e, : x +> exp(2iwA,.x) are mutually
orthogonal (i.e. [, exe; = 0 whenever k # j).

A subset of the n- l' n=1
dimensional

Euclidean space tiles || Drinrion 8. A subset A€Z is spectral if there exists a spectrum
by translation Zff it is Ac(0,1] (i.e., a subset with the same cardinality as A) such that

spectral. 2N s a voot of A(X) for all distinct h_,\ E€A.
(J. Func. Anal. 16,1974) P27 ]

=» False in dim. n>3 e ———————————————————

(Tao, Kolountzakis, Theorem (Amiot, 2009) o
Matolcsi, Farkas and  All non-Vuza canons are &Music
Mora)

spectral.

* Fuglede Conjecture is
true (or false) iff it is true

= Open in dim. 1 et 2

(or false) for Vuza Canons



Vuza Canons in OpenMusic ‘MathTool’ environment

Vuza Algorithm

3| ¥
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Some compositional applications of the Vuza Canons model

[aza) (Poco accel} Poco pilt mosso . s« . @

vl | g e R T ——— —
vox 1l | ta/= b\
vax 1l fa/= b\ c/ d= [e* :f*] ) s Ly P P2
voix IV e — e ot e £
voix V D " —
voix VI e v
mes. : 158 167 17z 73 174 17s 184 o _
voix | :a/= : b\ iC : id= [e* :f*] R e —— ——
vaix II </ o= RO Z N N\ oV [h+ 1] . S — —
voix Il ;SV/ Jh+ ] )\ k< \ [ ) L4 =
vaix IV a/= \ A/ d= [e* f*] Ji o “la—
voix V a/= ib\ c/ ’ H— — po—
voix VI a/= H b} ==
mes. : 187 188 182 190 [N IS 197 198 200 203 204 205 206 208 203 20 218 212 —— =

: s 1 )

a/=: montée vers accord puis "mise en pulsation"

vaix | F ;gv [h+ 4] b\ : "mise en pulsation" superposé a un gliss. descendant
voix Il A k< ¢/ : montée vers accord (téte de a/=)
voix Il |a/= \ ib\, c/ d="mise en pulsation" en diminuendo (fin de a/=)
vaix IV / o [h¥—i14] [e*f*] : accord mis en "cross rythm " (durée double)
voix V /zd{ [e* :f* "‘?/ gV : gliss. descendant puis ascendant
voix VI c/ i d= [e™™iT*] [i+j+] : accord mis en "cross rythm II" (durée double)

e B uperpostionvor v, Viet) | |(uperpostionvox NV, 16 N)  ke:-son A remersr oo evee accent
I ° : deux impacts brefs et piano
Coincidences (1 999) Coincidences - Fabien Levy(i"cgcéurco‘:‘l’e:gfarlta({gmgsa)non (mes. 158 a 226)
%2J —— = = — 739 #°0" . : 0 0
& fr E— ER i M - é) , 3 ) 13": z
A L
1 S ¥ " ‘%' 4 B L ; ¢
S p—— k — P P : T N goo
2 LN —_ | Y | "2 & o ——e ‘."(*a}- o ¢
= o *he_o
73 ? mp
4 TNSprirando be
45 = 5, S = b
ﬁ‘ E= =z === == \g . lovo = *a-o / '{bcua" : 3 bole
. g = |z YNy T ” " S
e PR 29-- T St e | La notte poco prima
. o0 000 4
= — — della foresta b
= G S Y S | (opéra de chambre
La bataille de y \9.3 ) i3 ¢ )'lw" ¥ | pouracteur, mezzo-soprano, -
caresme et de ‘ Fe 5 mf \ baryton, ensemble et
M. Lanza 2f9’$:3:f-' TNk by g‘},hfg = | électronique, 2009) D. Ghisi
charnage il - :

(pour violoncelle et
accompagnement, 2012)

Tr L

A piece based on Monk (2007) 7&, = .5:21 Y. ; 7”::
(« Well You Need'nt ») 7 AR




Fabien Lévy
Morphological Tiling Canons

 Coincidences (pour 33 musiciens, 1999-2007)

voix | : : : :

vaix 1l : H : H ! H !_a_/= ! : ! b\

voix 1l na/= : b\ ic/ id=_ ([e* if*] @ :

vaix 1V : H : : : : : : :

vox V

voix VI : : $ :

mes. : 158 167 172 173 j7e  I7S 184

voix | !a_/- : : : : b\ Lk e : id= f[e" Ho : : :

voix Il : ic/ ¢ d= ife¥ if*] : : : ' i Yo\ : : ' : : P\ i g\ ¢ ' ‘[h+ (4] ¢

vax Il I : N PNyt N ke BN b A 8 NE N PR A N

vax IV la/=" : PN AN S dd= 1 et iff i X %t/ r N )

voix V : : : : : : a/=: N/ i : : : : bl NS ic/

vox VI i : H : H H H : i : i Jia/=: ¢ H : ; H : H R : i

mes. : 167 185 189 190 192 193 194 585 197 jea 200 203 204 205 206 208 203 210 21f 2512
a/=: montée vers accord puis "mise en pulsation”

voix | i : : g\ [he ti4] b\ : "mise en pulsation" superposé a un gliss. descendant

vaix Il T AN ke ¢ : F O\ : LN ¢/ : montée vers accord (téte de a/=)

voix Il |a/= AN AN YA N4 d="mise en pulsation" en diminuendo (fin de a/=)

vox IV ¢\ 0k ! : : e T = b [e*f*] : accord mis en "cross rythm " (durée double)

voix V \ Ad= A ifer iff] ¢ A : : : : : gV : gliss. descendant puis ascendant

vax VI g___ic/ ‘d=_ : [e¥ Y] O : : : = [i4j+] : accord mis en "cross rythm II" (durée double)

mes. : 213 Bl 217 218 zre 220 221 222 223 224 j\/ : gliss. ascendant puis descendant avec accent

(superposition voix V, Viet I) |

| (superposition voix IV, 1 et Il

k<:"son a l'envers"
P ° : deux impacts brefs et piano

Coincidences - Fabien Levy : déroulement du canon (mes. 158 a 226)

(chague impact fait 3 temps)

Tokyo Symphony Orchestra, Dir.: Kazuyoshi Akiyama, 05/09/2007, Suntory Hall, Tokyo, Japon

F. Lévy, « Three uses of Vuza Canons », Perspectives of New Music, 49(2), 2011, p. 23-31.




Georges Bloch — 5
o o . - é) T T e i R
Several compositional strategies : / /
b, i e EEALL
* Metrical organization of a tiling canon Yo
* Self-similarity processes ] e .
« Metrical modulations between canons \ \6 SESEELS o . ’_'.-J ’; =
e e
* Projet Beyeler (2001) (§) ’ -
* Projet Hitchcock " N i
« Visite des tours de la 230 A
cathédrale de Reims 1 | 9'-3“;:*__ . ':f .\1 NS b.\,{ _
* Noél des Chasseurs v P e e
« Canons a marcher L i T o
 Canon ad eau = ‘,f.l\v.- W S
* Harawun (2004) T —— — =
» L ’Homme du champ (2005) i ey i Beh]
» A piece based on Monk (2007) e A — e A

 Peking Duck Soup (2008)

* A piece based on Monk, 2007 (« Well You Need'nt »)

G. Bloch, « Vuza Canons into the museum », The OM Composers’ Book, 2006




Mauro Lanza
Vuza Canons and local periodicities

* La descrizione del diluvio (Ricordi, 2007-2008)

“6 voices are live and
8 are in the electronic
part. The choice of
the notes and the
durations is made in
order to stress some
quasi-periodicities of
the underlying Vuza
canon and this gives
to each voice a much
more “redundant”
character”.




Mauro Lanza
Vuza Canons and local periodicities

* La descrizione del diluvio (Ricordi, 2007-2008)

“The choice of the notes and the durations is made in order to stress some quasi-
periodicities of the underlying Vuza canon |...]”

(1325271311142713252742527132514131325271352)

(1325271311142713252742527132514131325271352)

(13252713111427132527425271325141313252713352)
L325271311142713252742527132514131325271352)

1325271311142713252742527132514131325271352)



Mauro Lanza

Vuza Canons and local periodicities

Elettronica

qurano

Mezzo

Alto

Tenore

Baritono

Basso

No. 1 "Aria"

—

 La descrizione del diluvio (Ricordi, 2007-2008)

Local Dynamics :
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GMEM - Festival « Les Musiques » —Marseille, 25 avril 2008



Mauro Lanza

LA BATAILLE DE CARESME ET DE CHARNAGE

per violoncello e accompagnamento (2012) @ (min. 10°15”)
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La notte poco prima della foresta (2009)

(opéra de chambre pour acteur, mezzo-soprano, baryton, ensemble et électronique)

e, D. Ghisi
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La notte poco prima della foresta (2009)

(opéra de chambre pour acteur, mezzo-soprano, baryton, ensemble et électronique)
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Using (cyclotomic) polynomials to tile the line
P EI' E] sixth solution

number of voices a
7

r

e« & 6

e E. Amiot, M. Andreatta, C. Agon, « Tiling the (musical) line with polynomial: some theoretical and implementational

aspects », ICMC, Barcelona, 2005, 227-230
* C. Agon, M. Andreatta, « Modelling and Implementing Tiling Rhythmic Canons in OpenMusic Visual Programming

Language », Perspectives of New Music, Special Issue, vol. 1-2, n° 49.




Tiling canons by translation and augmentation

Thomas Noll

(((@12346) (11D

((@12345) (211 QA1
(@12357) 11D AD
(@13478) 25

((@12367) (111)))

(013469 ((111) A5
((@13679 ((111) C5)))
(@12678) ((111)A7)AS5 ALY
(014589 ((111)@A7)@5 A1
(@12567) 175
(@23457)C11))QA7AS5 ALY <t::::]
((@0145068) ((111) 1 7))
(@12457) 15

(@13458) (15 A1)

((@12458) ((111)))

((@124638) (111 A DY

(@ 234606 8) ((111)))

(0246810 (111D A 7 A5 A1



Augmented Tiling Canons (Noll Canons)
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iling Canons (Noll Canons)

Augmented T
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’ 1; Tilework for Piano
Tom Johnson’s Perfect Tilings ot tings. 5t order

01234567809 1011121314 (min 08157 AT s R T SO
]

}m'z B

D)
}%‘—‘—j—w#ﬂﬁé— = —= =
®A
D] = - - = = =
i Se—=—r===———=== ==
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Jean-Paul Davalan, « Perfect Rhythmic Tilings », Perspectives of New Music, 49(2), 2011, p. 144-197




Tiling Rhythmic Canons and Homometry

Can you hear the shape of a canon?



Tiling Rhythmic Canons and Homometry
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Homometry and Tiling Rhythmic Canons

TILING Fu:t Ze—%o’rkt/c

Let Za= {t€ Z, Fa(t)=0} keA
A tiles Z. when equivalently:

& There exists B, A®B = Z. IOA(k) — (1A * l—A)(k)

@Qlaxlp=1

@ FaxFp(t) =1 +e2ime g2k ((ynless t=0)
@ZauZp={1,2...c-1} AND Card AxCard B=c
¢ ICA % ICp = IC(Z)=c and Card A x Card B =c¢

A mudical offering:

2 Theorem:
If A tiles with B and A' has the same IC, then A'
tiles with B, too.

E. Amiot, « New Perspectives on Rhythmic Canons and the Spectral Conjecture », JMM, 2009.



Thank you for your attention!



