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L’Analyse Formelle des Concepts : rappel historique
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L’Analyse Formelle des Concepts : rappel historique
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AFC comme « restructuration » de la théorie des treillis

RESTRUCTURING LATTICE THEORY:
AN APPROACH BASED ON HIERARCHIES OF CONCEPTS

Rudolf Wille
Fachbereich Mathematik
Technische Hochschule Darmstadt
5100 Darmstadt
Federal Republic of Germany

ABSTRACT

Lattice theory today reflects the general status of current
mathematics: there is a rich production of theoretical concepts,
results, and developments, many of which are reached by elaborate
mental gymnastics; on the other hand, the connections of the
theory to its surroundings are getting weaker and weaker, with
the result that the theory and even many of its parts become more
isolated. Restructuring lattice theory is an attempt to reinvig-
orate connections with our general culture by interpreting the
theory as concretely as possible, and in this way to promote
better communication between lattice theorists and potential users
of lattice theory.




musicale » dans la FCA
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FCA et musicologie computationnelle
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Structures d’ordre en musique
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[R. Wille & R. Wille-Henning, « Towards a Semantology of Music », I[CCS 2007, Springer, 2007]



Un treillis des concepts pour la gamme diatonique

C-major triad
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a-minor triad

d-minor triad

F-major triad

[R. Wille & R. Wille-Henning, « Towards a Semantology of Music », I[CCS 2007, Springer, 2007]



Des relations binaires au treillis des concepts
2. CONCEPT LATTICES

We start defining a context as a triple (G,M,T) where C and M
are sets, and I is a binary relation between ¢ and M; the elements
of C and M are called objects [Gegenstande] and attnbuues
[(Merkmale], respectively. 1If glm for g € G and m € M we say: the
object g has the attribute m, For A ¢ G and 8 C M we define

for all g € 4},
for all m € B).

The mappings given by A+ A' and B » B' are said to form a Galots
connection between the power sets of G and M, i.e. they fulfill
the following basic properties (cf. Birkhoff [3; pp. 122-125]).

PROPOSITION. For a context (G, M. I):

(1) Ay c A, 1implies A, D A, for Aj,A; ¢ G
(1') B, cB, implies By 28, for By,By c M,
(2) A c A" and A" = A" for A c G,
2*') B <B" and B' = B'" for B c M.

[R. Wille, « Restructuring Lattice Theory: An approach based on Hierarchies of Concepts », 1. Rival (ed.), Ordered Sets, 1982]



Des relations binaires au treillis des concepts

Now, a concept (Begriff] of the context (C,M,I) may be defined
as a pair (A,8) where AC (G, 5 cMH, A'"=5, and B' = 4; A and B

are called the ertent and the tr+en* of the concept (A, 8)

respec-
tively.

The hierarchy of concepts is captured by the definitton
(A].BL) = (Az.gz) H A-. _L;Az (-Bl 3_82)

for concepts (A4;,By) and (4;,8;) of (C,M.I); (A1,8,) is called
the subconcept of (43,8;), and (4;,8,) is called the super-oncept

of (A;,2y). .
Attributs
B
A' = (m € M|zIm for all g € 4} y
B' = (7 ¢ 3 :Im for all m € B) @
- X |[X|X|X
<P
— X |[X|X|X
A = extension du concept (4,B) = x | x 1 x [x
B =intension du concept (4,B) C

[R. Wille, « Restructuring Lattice Theory: An approach based on Hierarchies of Concepts », 1. Rival (ed.), Ordered Sets, 1982]



Un treillis des concepts pour la gamme diatonique
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[R. Wille & R. Wille-Henning, « Towards a Semantology of Music », I[CCS 2007, Springer, 2007]
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Un treillis des concepts pour la gamme diatonique
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[R. Wille & R. Wille-Henning, « Towards a Semantology of Music », I[CCS 2007, Springer, 2007]



Opérateur de cloture « ” »
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[R. Wille & R. Wille-Henning, « Towards a Semantology of Music », I[CCS 2007, Springer, 2007]



Opérateur de cloture « ”’ » comme implication logique
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J-L. Guigues, V. Duquenne, « Familles minimales d'implications informatives résultant d'un tableau de données
binaries », Math. Sci. Humaines 95, 1986.



Classification paradigmatique des structures musicales
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Classification paradigmatique des structures musicales
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AFC et classification paradigmatique

rest {}

X|[I{}

unison {1}

XIX[{1}

XIX|{1,4}

second {1,2}

XIXXI{1,2}

third {1,3}

X IXPX{1,3}

fourth {1,4}

X

X[ PXIXPXI{1,2,5)

XX XX IX({1,5,7}

XXX X][{1,3,5}

fifth-seventh-free ninth chord {1,2,3}

X XIXIXEX({1,2,3)
X[ XXX X{1,3,7}

g ©
T ¢ ©

cC6o

(12324) ‘

pecee

fifth-free seventh chord {1,3,7}

third-seventh-free ninth chord {1,2,5}

X

third-free seventh chord {1,5,7}

X

XXX PXIXIXIXX{1,3,4,7}

X IXIXIXIXPXIXX1{1,2,3,7)

triad {1,3,5}

XXX IXEXIXIXIXX{1,3,4,5)

compact seventh chord {1,3,5,7}

XPXPXL X XXX EX1{1,3,5,7)

seventh-free ninth chord {1,2,3,5}

XX XXX XX XXX 1{1,2,3,5)

fifth-ninth-free eleventh chord {1,3,4,7}

seventh-ninth-free eleventh chord {1,3,4,5}

X

fifth-free ninth chord {1,2,3,7}

XIXPXX] XXX XXX XX 1,2,3,4,5)

ninth-free eleventh chord {1,3,4,5,7}

X XXX XXX X XXX XX {1,3,4,5,7)
XL XX XXX XX XX XXX XX {14,2,8,5,7)

compact ninth chord {1,2,3,5,7}

seventh-free eleventh chord {1,2,3,4,5}

X

compact eleventh chord {1,2,3,4,5,7}

XXX X XX X XX X XXX XX {1,2,3,4,5, 7}

compact thirteenth chord {1,2,3,4,5,6,7}

XXX XXX XX XXX XXX XXX EX1{1,2,3,4,5,6,7}

T T
(111386)

[R. Wille & R. Wille-Henning, « Towards a Semantology of Music », I[CCS 2007, Springer, 2007]
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Le treillis de concepts formels

X|1{}

XX}

X X][{1,4}

XIXX{1,2}

XX IX{1,3}

X

X[ XX X({1,2,5)

X XXX XI{1,5,7}

XX (XX]|{1,3,5}

X IXIXIXX|{1,2,3}

X[ PXIXIXIXX{1,3,7}

X

X

XXX PXEXPXXEX({1,3,4,7}

XL XXX X X{1,2,3,7}

X

XXX X XXX X I{1,3,5,7}

XXX XX XXX EX{1,3,4,5)

XX XXX X 1{1,2,3,5}

X

X

XXX XX XXX X XXX X 1{1,2,3,4,5)

X[ XXX XXX X XXX X [1{1,3,4,5, 7}

XL XX XXX X XXX XX X1 {1,2,3,5,7)

X

XX XXX XXX X XXX XXX EX{1,2,3,4,5,7)
XXX XXX X X XXX XX XXX XX {1,2,3,4,5,6,7}

[R. Wille & R. Wille-
Henning, « Towards a
Semantology of Music »,
ICCS 2007]
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{1,3,457) {1,2,357) {1,2,3,4,5)
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AV 1
|compact ninth chord {1,2,3,5,7)|
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Base d’implications de Duquenne-Guigues

T —{1; {1,2,3,5,7}—{1,2,3,75,{1,3,5,7};
’ ’ (1,21 {1}; 1,2,3,70,{1,3,4,7}—1{1,2,3,4,5,7};
{1,3}—{1}; {1,2,3,4,5,7}—{1,2,3,7},{1,3,4,7};
6 3 {1,4;—{1}; {1,2,3,4,54,{1,2,3,5,7},{1,3,4,5,7} —
{1,2,3}—{1,2},{1,3}; {1,2,3,4,5,7};
5 4 {1,3,7}—{1,24,{1,3},{1,4}; {1,2,3,4,5,7} —

{1,2,5}—{1,2},{1,4}; {1,2,3,4,5},1,2,3,5,7},{1,3,4,5,7};
1,573 —{1,2),{1,3},{1,4}; 11,2,3,4,5,6,71—{1,2,3,4,5,7}.
{1,3,5}—{1,3},{1,4};

{1,2,3},{1,2,5}—{1,3,5};

X}
XIXI{1}
XPX[{1.,4}

1,2,35,{1,3,5}—1{1,2,5};

XIXIX{1,2}

1,2,5§,{1,3,5}—1{1,2,3};

X XPXI{1,3}

11,3,5,7}—11,3,5},11,3,75,{1,5,7};

X[ IXIXIX][{1,2,5)
XIXIXIXPX{1.5,7}
XX [XPX]1{1,3,5)

X XXX X{1,2,3)
X[ XXX X XI{1,3,7}

11,2,3},{1,2,5},{1,3,5,{1,3,7;—{1,2,3,5,};

{1,2,3,5}—{1,2,3},{1,2,5},{1,3,5},{1,3,7};

X

XXX XXX XX {1,3,4,7)
X IXIXIXIX XX DXI1,2,3,7}

XKIXIX] XXX XI{1,3,4,5}

11,3,4,7;—11,2,53,{1,3,73,{1,5,7};

XXX XL XXX X X({1,3,5,7)

1,2,34,11,2,53,{1,3,5§,{1,5,7}—{1,3,4,5};

XX XXX XX {1,2,3,5)

1,3,4,5}—11,2,3},{1,2,5},{1,3,5},{1,5,7};

11,2,3,7}—1{1,2,3},{1,3,7},{1,5,7};

X

XXX XXX XXX XX XX 1,2,3,4,5)

{1,3,4,5},{1,3,5,7}—{1,3,4,5,7};

X XXX XXX XXX XXX XX {1,3,4,5,7)
XXX XXX XXX XX XX {1,2,8,5,7)

{1’3’4’5’7}—){1939495},{1’3’5’7} ;

X
XXX X XXX X X XXX XX XX {1,2,3,4,5, 7}

1,2,3,73,11,3,5,7;—{1,2,3,5,7};

XXX XXX X I XXX X XX XXX X X({1,2,3,4,5,6,7)

J-L. Guigues, V. Duquenne, « Familles minimales d'implications informatives résultant d'un tableau de données
binaries », Math. Sci. Humaines 95, 1986.



Le permutoedre des « partitions » de Julio Estrada
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Permutoedre comme catalogue d’accords
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Permutoedre comme treillis de concepts formels
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Analyse comme déplacement dans un espace conceptuel
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Six piéces op. 19

Julio Estrada, Modé¢les mathématiques en composition et analyse musicales, intervention au Master ATIAM / Cursus de
Composition, [rcam, 21 Novembre 2012:
=>» Vidéo bientot disponible en ligne sur http://www.atiam.ircam. fr/




Analyse formelle des concepts et topologie : 1a Q-analyse

KR
HEERERE
| S| ST T|E
EIE|E|E|EIE
=(.>-c'3 ol |O| ©
c| X X| X
dj| | X X
e| X] [X X
X X
91X X [X
al X[ X[ X
b X| X
X1 1 0
X2 1 1
X3 0 0
X4 1 1

p—t e e O

p—t m O

e-minor triad

]a-minor triad| |d-minor triad|

F-major triad

IG-major triadl [C-major triadl

A, B X1
X2 ’ 1
X1
—
% fﬁume) dualité S
b X3



Un treillis topologique de la gamme diatonique
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