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Combinatorics and algebra in music classification



Combinatorics and algebra in music classification

Intervallic
thought
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A scale as a polygon inscribed in a circle…

Do maj = {0,2,4,5,7,9,11}

Mersenne, 1648
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…identified by its intervallic structure...

Do maj = {0,2,4,5,7,9,11}

0-(2212221)
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... and the same for a mode or a chord

Do maj = {0,2,4,5,7,9,11}

0-(435)
« Nous appelons mode 
tout ensemble de classes 
de résidus » 
(A. Vieru, Cartea Modurilor, 1980. 
English transl. The Book of Modes, 1993)
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Musical transpositions are additions... 

Do maj = {0,2,4,5,7,9,11}
Do# maj = {1,3,5,6,8,10,0}

...or rotations !

+1

30°

0-(435)

Tk : x ® x+k mod 12
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Musical transpositions are additions... 

Do maj = {0,2,4,5,7,9,11}
Do# maj = {1,3,5,6,8,10,0}

...or rotations !
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Tk : x ® x+k mod 12
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Musical inversions are differences...

Do maj = {0,4,7}
La min   = {0,4,9}

I4

I4(x)=4-x

R

... or axial symmetries!
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Do maj = {0,4,7}
Do min   = {0,3,7}

I7

I7(x)=7-x

P

Musical inversions are differences...

... or axial symmetries!
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Do maj = {0,4,7}
Mi min   = {4,7,11}

I11

I11(x)=11-x

L

Musical inversions are differences...

... or axial symmetries!
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(Generalized) Messiaen’s modes

Mess2 = {0,1,3,4,6,7,9,10}
Mess2 = {3,4,6,7,9,10,0,1}

+3

90°I7

0-(12121212)
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Mess2 = {0,1,3,4,6,7,9,10}
Mess2 = {3,4,6,7,9,10,0,1}

+3

90°I7

0-(12121212)

T3(Mess2)=Mess2

I7 (Mess2)=Mess2

(Generalized) Messiaen’s modes
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Augmentations are multiplications...

DIA= {0,2,4,5,7,9,11}
CHRO = {0,1,2,3,4,5,6}

... or affine transformations!

x7
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Affine transformations and DIA/CHRO duality

DIA= {0,2,4,5,7,9,11}
CHRO = {0,1,2,3,4,5,6}

« Le diatonisme et le chromatisme ne peuvent pas être 
envisagés en termes de simplicité ou de complexité, 
comme on le pensait jadis. Il s’agit plutôt d’une question 
d’unité des contraires dans le groupe Z/12Z » 

(A. Vieru, « The Musical Signification of Multiplication by 7. Diatonicity
and Chromaticity », Muzica, 1995)

x7
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Permutations are ‘partitions’...

DIA= (2,2,1,2,2,2,1)

0-(1122222)

DIAE = (1,1,2,2,2,2,2)

... mathematically speaking!



Costère, Zalewski, Vieru
Equivalence up to 
transposition Forte, Rahn 

Carter

Equivalence up to 
transposition/inversion

Estrada

Equivalence up to permutation 
(of the intervallic structure)

Morris, Mazzola

The catalogues of musical structures (from Costere to Estrada)

Equivalence up to augmentation

77
158

224

352

1 2 3 4 5 6 7 8 9 10 11 12
1 6 19 43 66 80 66 43 19 6 1 1
1 6 12 29 38 50 38 29 12 6 1 1
1 5 9 21 25 34 25 21 9 5 1 1
1 6 12 15 12 11 7 5 3 2 1 1



Costère, Zalewski, Vieru
Equivalence up to 
transposition Forte, Rahn 

Carter

Equivalence up to 
transposition/inversion

Estrada

Equivalence up to permutation 
(of the intervallic structure)

Morris, Mazzola

(G.-G. Granger : « Pygmalion. Réflexions sur la pensée formelle », 1947)
G.-G. Granger

Epistemological aspects of a group-theoretical approach

« [C’est la notion de groupe qui] donne un sens précis à l’idée de structure d’un
ensemble [et] permet de déterminer les éléments efficaces des transformations en
réduisant en quelque sorte à son schéma opératoire le domaine envisagé. […]L’objet
véritable de la science est le système des relations et non pas les termes supposés qu’il
relie. […] Intégrer les résultats - symbolisés - d’une expérience nouvelle revient […] à
créer un canevas nouveau, un groupe de transformations plus complexe et plus
compréhensif »

Equivalence up to augmentation

77
158

224

352



The permutohedron as a combinatorial space

Julio Estrada

J. Estrada

Julio Estrada, Théorie de la composition : discontinuum – continuum, université de Strasbourg II, 1994 

DIAE = (1,1,2,2,2,2,2)



Permutohedron and Tonnetz: a structural inclusion

1

2

3

4

5

6

=
=
=
=
=
=

(3 5 4)

(5 3 4)

(5 4 3)

(4 5 3)

(4 3 5)

(3 4 5)



Permutohedron and Tonnetz: a structural inclusion

1

2

3

4

5

6

=
=
=
=
=
=

(3 5 4)

(5 3 4)

(5 4 3)

(4 5 3)

(4 3 5)

(3 4 5)

R

L:CmajàEmin

P

L

L

R

R
P

P

R: CmajàAmin P: CmajàCmin



Permutohedron and Tonnetz: a structural inclusion
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Towards a geometrical interpretation of Estrada catalogue

?


