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Speculum Musicum
(Euler, 1773)
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From the Tonnetz to the dual one 

duality

7



(Source: www.wikimedia.org/)

The topological structure of the Tonnetz
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è https://morenoandreatta.com/software/
C. Guichaoua

(© SMIR Project) è DEMO
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1 | Introduction
Le cadre du travail présenté dans ce mémoire est donné par le paradigme de l’analyse harmonique

computationnelle à l’aide d’outils géométriques et topologiques. Dans cette optique, on suivra parti-
culièrement les approches pionnières de Louis Bigo et al. ([9], [10], [13]) et d’Emmanouil Karystinaios
et al. ([28]) qui ont proposé des formalisations de progressions d’accords en tant que trajectoires
spatiales dans des espaces géométriques de classes de hauteurs : les Tonnetze. Ainsi, on se basera
particulièrement sur l’hypothèse de l’existence d’un lien important entre le style harmonique d’une
progression d’accords et sa représentation dans le Tonnetz établie et étudiée dans ces travaux récents.

Tandis que les trajectoires définies par Bigo et al. et Karystinaios et al. sont directement basées
sur la structure simpliciale des Tonnetze, on introduira une approche représentant des suites d’ac-
cords par des courbes planes dans les Tonnetze. Intuitivement, on choisira, pour les accords successifs
appartenant à une progression harmonique, des positionnements en différents points du Tonnetz et
on reliera entre eux tous les points représentant les accords analysés. De cette façon, on construira des
trajectoires dans différentes versions de Tonnetze telle que celle présentée sur la figure 1. Cette forma-
lisation d’une trajectoire associée à une suite d’accords nous permettra en particulier de représenter
des enchaînements harmoniques entre deux accords par des vecteurs dans le Tonnetz. Ces vecteurs,
appelés vecteurs d’enchaînement par la suite, seront des éléments essentiels pour les approches de
classification stylistique et de génération de progressions d’accords proposées dans ce mémoire.

Figure 1 – Exemple de trajectoire représentant le début de la version de Bill Evans de Alice in
Wonderland dans le Tonnetz replié eT (3, 4, 5).
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Hamiltonian Cycles = progressions with 24 different chords
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Hamiltonian Cycles = progressions with 24 different chords
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Hamiltonian Cycles = progressions with 24 different chords
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Gilles Baroin

Hamiltonian Cycles = progressions with 24 different chords
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From poetry to song writing: 
hamiltonian compositional strategies

A part (Andrée Chedid, poème tiré du recueil  Rhymes Collection Poésie/Gallimard (n. 527), Gallimard, 2018) 

À part le temps
Et ses rouages
À part la terre
En éruptions
À part le ciel
Pétrisseur de nuages
À part l’ennemi
Qui génère l’ennemi

À part le désamour
Qui ronge l’illusion
À part la durée
Qui moisit nos visages

À part les fléaux
À part la tyrannie
À part l’ombre et le crime
Nos batailles nos outrages

Je te célèbre ô Vie
Entre cavités et songes
Intervalle convoité
Entre le vide et le rien

Intro

Verse 1

Refrain

Verse 2

RefrainRiff Refrain Refrain

Instrumental Coda
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Less trivial Hamiltonian Cycles
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La sera non è più la tua canzone 
(Mario Luzi, 1945, in Poesie sparse)

La sera non è più la tua canzone,
è questa roccia d’ombra traforata
dai lumi e dalle voci senza fine,
la quiete d’una cosa già pensata.

Ah questa luce viva e chiara viene
solo da te, sei tu così vicina
al vero d’una cosa conosciuta,
per nome hai una parola ch’è passata
nell’intimo del cuore e s’è perduta.

Caduto è più che un segno della vita,
riposi, dal viaggio sei tornata
dentro di te, sei scesa in questa pura
sostanza così tua, così romita
nel silenzio dell’essere, (compiuta).

L’aria tace ed il tempo dietro a te
si leva come un’arida montagna
dove vaga il tuo spirito e si perde,
un vento raro scivola e ristagna.

http://www.mathemusic.net
min.  1’02’’

Music: M. Andreatta
Arrangement and mix: M. Bergomi & S. Geravini
(Perfect Music Production)
Mastering: A. Cutolo (Massive Arts Studio, Milan) 

17èhttp://repmus.ircam.fr/_media/moreno/la_sera_mario-luzi_moreno-andreatta.mp3
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Hamiltonian Cycles of maximal complexity

The same cycles have been used in the song Aprile (after a poem by Gabriele D’Annunzio):
è https://www.youtube.com/watch?v=AB8By7ghTkU&ab_channel=MatheMusic4D

https://www.youtube.com/watch?v=AB8By7ghTkU&ab_channel=MatheMusic4D


J. L. BesadaE. Bisesi C. Guichaoua

Neo-riemannian analysis and perception

(Krumhansl et Kessler, 1982)

(Zatorre et Krumhansl, 2002)

19M. Andreatta



Asse delle quinte
Multimodal interaction and perceptual processes

LaLaLab Exhibition, Heidelberg May 2019 – Dec 2020
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• Despite the apparent geometrical simplicity of the Tonnetz, its deep structural

implications are very complex. Only people with high skills in music theory

are able, at least, to partially grasp its overall structure at first sight.

• The geometry of the Tonnetz is not consistent with the widely spread vertical

schema for pitches; nor does it provide self-evident patterned representations

of tonal functionality. Both facts may bias the apprehension of the Tonnetz,

particularly in non-functional harmonic contexts.

Research hypotheses
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Method:
Participants

88 participants (44.32% female, 
55.68% male) took part in the study, 
split into 4 balanced groups:

1) Music professionals [MusPro] 
(age: M=38.32, SD=8.07)

2) Science professionals [SciPro] 
(age: M=43.68, SD=12.10)

3) Music students [MusStu] (age: 
M=22.82, SD=2.89)

4) Science students [SciStu] (age: 
M=20.31, SD=1.77)
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Method:
Materials

Pitch class

Major chord

Minor chord

Possible choice
23



Asse delle quinte
Task performed twice

Video tutorial

pitch classes axes (interval generators)

major chords minor chords

Method:
Procedure

Questionnaire

24



Results

Attempt 1 Attempt 2
Group Total 0 s.pc. 1 s.pc. 2 s.pc. Total 0 s.pc. 1 s.pc. 2 s.pc.
MusPro 3.32 ±

1.46
0.64 ±
0.66

0.73 ±
0.88

1.95 ±
1.09

3.50 ±
2.06

0.68 ±
0.84

1.32 ±
1.09

1.50 ±
1.06

SciPro 2.23 ±
1.02

0.32 ±
0.65

0.41 ±
0.73

1.50 ±
1.14

2.55 ±
1.26

0.23 ±
0.43

0.82 ±
0.96

1.50 ±
0.74

MusStu 2.09 ±
1.27

0.36 ±
0.58

0.50 ±
0.60

1.23 ±
1.07

2.32 ±
1.70

0.59 ±
0.80

0.82 ±
0.85

0.91 ±
0.68

SciStu 1.95 ±
1.40

0.41 ±
0.59

0.50 ±
0.80

1.05 ±
1.05

2.27 ±
1.12

0.23 ±
0.53

0.68 ±
0.72

1.36 ±
0.90

Mus 2.70 ±
1.49

0.50 ±
0.63

0.61 ±
0.75

1.59 ±
1.13

2.91 ±
1.96

0.64 ±
0.81

1.07 ±
1.00

1.20 ±
0.93

Sci 2.09 ±
1.22

0.36 ±
0.61

0.45 ±
0.76

1.27 ±
1.11

2.41 ±
1.19

0.23 ±
0.48

0.75 ±
0.84

1.43 ±
0.82

Accuracy:

MusPro was significantly different (p < .050) for both attempts when compared with both
Sci groups
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Quality Visual bias

Group Attempt 1 Attempt 2 Attempt 1 Attempt 2

MusPro 7.05 ± 1.79 8.32 ± 2.44 4.68 ± 2.88 3.77 ± 1.54
SciPro 5.91 ± 1.15 6.68 ± 1.21 6.55 ± 3.63 5.82 ± 3.70

MusStu 6.18 ± 1.50 7.45 ± 2.42 4.00 ± 3.51 4.00 ± 2.09

SciStu 6.41 ± 1.53 6.32 ± 1.25 4.50 ± 3.07 4.00 ± 2.02
Mus 6.61 ± 1.69 7.89 ± 2.44 4.34 ± 3.19 3.89 ± 1.82

Sci 6.16 ± 1.36 6.50 ± 1.23 5.52 ± 3.48 4.91 ± 3.09

Results

Quality:

MusPro was significantly different for both attempts when compared with both Sci groups
The difference between both attempts per group was slightly significant (except SciStu)

Visual bias:

SciPro stands as a signifiatively different group

26



Results

bimodal distribution !
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Results

Distance:

d = |sp - sr|
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Results

Distance:

MusPro is significantly different for the second attempt when compared with both Sci
groups. In addition, MusPro performed significantly different in their second attempt.
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Results

Time ratio:

T = log2(t2/t1)
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Results

Time ratio:

Positive on average, lower for 2 shared pitch class sets. Particular and significant
behavior for MusPro.
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Results

One SciPro participant:

“Although I am aware that I am wrong, the only logical answer for me is to follow 
the alignment of the triangles ”
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Mus group Attempt 1 Attempt 2

Strategy mean A mean Q mean D mean B mean A mean Q mean D mean B

Quality 0.31 0.23 -0.13 0.19 0.36 0.32 -0.22 0.02

Shared pitches 0.19 0.20 -0.08 0.02 0.45 0.44 -0.43 -0.14

Visual distance 0.08 0.17 -0.06 0.15 0.02 0.10 -0.13 -0.05

Alt. pitches -0.01 -0.14 0.19 0.02 -0.19 -0.12 0.01 -0.19

Alt. visual 0.13 0.07 -0.23 -0.05 -0.13 -0.31 0.25 0.23

Sci group Attempt 1 Attempt 2

Strategy mean A mean Q mean D mean B mean A mean Q mean D mean B

Quality 0.01 0.10 -0.10 -0.02 0.22 0.36 -0.37 -0.13

Shared pitches -0.21 -0.03 -0.21 -0.23 -0.22 -0.17 -0.00 -0.15

Visual distance -0.14 -0.24 0.12 -0.02 -0.05 -0.06 -0.22 -0.10

Alt. pitches 0.08 -0.26 -0.07 0.06 0.11 0.18 -0.24 0.12

Alt. visual 0.11 -0.05 0.23 0.12 -0.11 -0.05 0.06 -0.03

Results

Correlations over |0.30| in italics, variations greater than |0.25| in bold. 
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Discussion

• Despite the apparent geometrical simplicity of the Tonnetz, its deep structural

implications are very complex. Only people with high skills in music theory

are able, at least, to partially grasp its overall structure at first sight.

Quality and distance have proven more useful variables for checking this fact

than accuracy. However, participants have behaved quite different according to

them.

Hypotheses for quality recognition:

MusPro: detection of the feature prior to the video tutorial ?

Sci: Rather intuitive than rationalized

34



Discussion

• The geometry of the Tonnetz is not consistent with the widely spread vertical

schema for pitches; nor does it provide self-evident patterned representations

of tonal functionality. Both facts may bias the apprehension of the Tonnetz,

particularly in non-functional harmonic contexts.

Induced visual bias depends on previous skills with music theory and systematic

geometrical thinking.

Proximity (in terms of parsimony) related to response time after the video

tutorial. Particular behavior of MusPro when tonal functionality and non-

functionality clashes.
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From the Tonnetz to the generalized (a,b,c)-Tonnetze

ICMPC17-APSCOM7, Tokyo, August 24-28, 2023 

 

processes and strategies, and STEMs to base their 
answers on visual aspects. Second, we aimed at 
further testing the effect of expertise related to each of 
the two fields. For all participants, previous interac-
tion with the Tonnetz and color-blindness were criteria 
for exclusion. 

2.3. Materials  
Participants were provided with a digital tablet, a 

digital pen, and headphones. Stimuli were presented 
as 12 sequences of 7 block chords each with synthetic 
organ-like sounds. Chords were major or minor triads 
in root position; the voice-leading followed the con-
ventional rules of the 4-part harmony. The first 6 
chords of each sequence unfolded parsimonious trans-
formations (LR, PR, or PL), lasting 1 second each. 
The last chord lasted 8 seconds, could also be minor 
or major, and have 0, 1, or 2 pitch classes in common 
with the preceding one; the choice of the last chords 
was planned through the whole set of stimuli, in order 
to facilitate statistical analysis. The harmonic sequen-
ces were synchronized with unfolding trails of lighted 
triangles on the tablet, according to the geometry of 
the Tonnetz but with no textual cue, unlike The 
Tonnetz online platform. For the 6 first chords of the 
sequences, triangles matching with major chords were 
colored in red and triangles matching with minor 
chords were colored in blue. Simultaneously to the 
sounding of the last chord, 6 yellow triangles were 
lighted up. On the Tonnetz, these triangles corres-
ponded to variants in terms of quality (whether major 
or minor) and number of shared pitches with the 
previous chord; only one of them matched with the 
sounding chord (Figure 4). In addition to the audio-
visual stimuli, materials also encompassed a 3-minute 
video tutorial summarizing the main features of the 
Tonnetz and a questionnaire. The set of questions was 
asked to introspect about the experience, and to 
investigate the cognitive strategies adopted when 
performing the task. 

2.4.Procedure 
For each stimulus, participants were asked to 

choose, among the 6 yellow triangles, the one they 
thought that visually matched with the last chord they 
heard. The task was performed twice: first, they 
performed it without any hint about the structure of 
the pitch space they had on the screen; second, after 
watching the video tutorial. In both tasks, the selected 
triangles and the time spent for making the choice 
were recorded by the tablet. Finally, participants filled 
out the questionnaire. 

3. Experiment 2 

3.1. Aims 

 The purpose of the second experiment, currently 
ongoing after unfolding of a pilot study, is to evaluate 
the influence of the visual representations of harmonic 
sequences on the Tonnetz in terms of coherence 
(overall harmonic logic and voice leading) and stabi-
lity (cadential closure of the last chords). 

 

 
Figure 4. Example of multimodal stimulus for 
Experiment 1. Top: sequence of chords trans-
cribed with standard notation; bottom: visual 
representation of the sequence with the six 
possible answers. For this stimulus, the left-
most yellow triangle is the one matching with 
the final chord. 

 

 
Figure 5. Example of multimodal stimulus for 
Experiment 2. Top: sequence of chords (tonal 
and atonal version transcribed with standard 
notation; Bottom: visual representation of the 
harmonic sequence. 
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Cognitive Inspections of the Tonnetz: A Multimodal Approach 

 
José L. Besada (a), Erica Bisesi (b), Moreno Andreatta (c) 

 
(a) Complutense University of Madrid, Spain, jlbesada@ucm.es, (b) University of Montreal, Canada, 

erica.bisesi@umontreal.ca, (c) Strasbourg University, CNRS, and IRCAM, France, andreatta@ircam.fr 
 
Supported by the CNRS interdisciplinary program, the ProAppMaMu project took advantage of several tools from 
computational musicology designed to enhance mathematical learning in high schools and universities. One of 
the main axes of this project focused on cognition, particularly on the ability to detect patterned relationships 
between geometrical features of pitch spaces and harmonic sequences of chords, and on the impact that these 
relationships may have on our musical judgements. This paper summarizes two experiments we have conceived 
for this purpose, paying attention on the Tonnetz as a paradigmatic model of neo-Riemannian theories. In a first 
experiment (completed), participants were asked to identify, among several possibilities, the triangle on the 
Tonnetz matching with the last triad completing a given harmonic sequence; in total, 12 different sequences were 
provided, as audiovisual coordinated stimuli. In a second experiment (currently ongoing, following a pilot study), 
participants are being asked to evaluate the inner coherence and stability of 24 harmonic sequences, first presented 
as pure aural stimuli and secondly matched with their visual counterparts on the Tonnetz. We only present here 
the shared context design of both experiments and their respective aims and methods. 
 
Keywords: music theory, Tonnetz, harmonic triads, multimodal interaction

1. Introduction 
Neo-Riemannian theories constitute an important 

subfield of transformational music theory (Cohn, 
1998; Lewin, 1987, 1993) applied to tonal music, in 
which the definition of the harmonic relationships are 
not subsumed under hierarchical references to the 
tonic. Instead of emphasizing functional relationships, 
Neo-Riemannian approaches primarily focus on 
voice-leading, particularly on parsimonious trans-
formations (Cohn, 1997). Consider any major or 
minor triad (Figure 1): it can be transformed into three 
possible chords of the opposite quality while maxi-
mizing their pitch-class intersection. In doing so, the 
voice-leading becomes parsimonious, i.e. the moving 
voice proceeds by semitone or tone.  

 

 
Figure 1. Exhaustive list of the parsimonious 
transformations (L, P, and R) for major and 
minor chords. 

 

 
Figure 2. Equivalent transformations of those 
in Figure 2 for triads in the [1, 3, 8]-Tonnetz. 

 

The LPR family of parsimonious transformations 
admits a generalization beyond the limits of tonal 
harmony. Tonal chords are mainly built by super-
posing major and minor thirds; this principle may 
apply to further intervallic patterns. Consider for 
instance the intervals respectively made of 1 and 3 
semitones (with 8 semitones completing the octave). 
With them, it is possible to define two basic qualities 
of triads and their elemental transformations (Figure 
2); they are not necessarily parsimonious, though. 

Another very interesting feature of the neo-Rie-
mannian approach lies in its potential to generate pitch 
spaces. The modern Tonnetz representation is a planar 
lattice of equilateral triangles wherein the three axial 
directions catch the most favored intervals of triadic 
tonal music (i.e. the perfect fifth, the minor third, and 
the major third), the vertices stand for pitch classes, 
and the triangular cells represent major and minor 
triads. The intervals of the axial directions can be 
modified for fitting with non-tonal intervallic patterns 
as those mentioned above; this particular case leads to 
the [1, 3, 8]-Tonnetz. As a matter of fact, this axial 
malleability makes mathematically possible to build 
twelve different Tonnetze within the standard modern 
temperament, i.e. 12-TET system. 

Current computational developments made it 
possible to fully exploit the “metaphor in motion”, 
which conceptually stands behind transformational 
music theory (Attas, 2009). This perspective has 
proven useful for a dynamical coordination of musical 
sound and visually patterned information on the 
Tonnetz (Cohn, 2012), leading to a much deeper 
understanding of several structural properties of har-
mony and voice-leading (Bigo & Andreatta, 2016). 
Nowadays, several online interactive platforms have 
been developed (like ours, see Guichaoua et al., 2021) 
which allow anybody to grasp by themselves the 
logics behind the Tonnetz (Figure 3). 
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Thank you for your attention!


