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Maths/Music in academic research
Conferences of the SMCM (with Springer LNAI Proceedings):
• 2007 Technische Universität (Berlin, Allemagne)
• 2009 Yale University (New Haven, USA)
• 2011 IRCAM (Paris, France)
• 2013 McGill University (Canada)
• 2015 Queen Mary University (Londres)
• 2017 UNAM (Mexico City)
• 2019 Universidad Complutense de Madrid (Spain)
• 2022 Georgia State University (Atlanta, USA) 

Official Journal and MC code (00A65: Mathematics and Music)
• Journal of Mathematics and Music, Taylor & Francis

(Editors: E. Amiot, J. Yust | Associate ed.: D. Conklin) 

(non-exhaustive list…)



A Song for π
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The Tonnetz

(3,3,2)



The galaxy of geometrical models at the service of music     



The galaxy of geometrical models at the service of music     





https://imaginary.org/

• Current research. The latest trends of 
research in the connection of maths and 
music. Artificial Intelligence, theoretical and 
new instruments, classification and 
composition tools.

• Art and entertainment. A joyful display of 
artworks from artists and mathematicians in 
the field. Talks/concerts at scheduled events

May. 17, 2019 to Dec. 2020

La.La.Lab brings the visitor to an interactive exploration and discovery of music 
from a mathematical perspective. The exhibition pivots over three axis:

• Music theory. Learning what tools build music, and how these tools are used
to create art. Basic concepts and historical comments.

The Tonnetz web environment (developer: C. Guichaoua)



è www.morenoandreatta.com

« Musique et mathématiques »: a pedagogical film



The galaxy of geometrical models at the service of music     



Music&maths: parallel destiny or mutual influences? 

Euler and the 
Speculum 
musicum, 1773

Mersenne and 
the ‘musical 
clock’, 1648

Pythagoras and the monochord, 
VIth-Vth Century B.C.

I. Xenakis
(1922-2001)
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Harmonicorum Libri XII, 1648

The circular representation of the pitch space
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Marin Mersenne, Harmonicorum Libri XII, 1648

Six Bagatelles 
(G. Ligeti, 1953)

do

mib

mi
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Permutational melodies in contemporary music



Una volta soltanto una storia d’amore finisce (M. Andreatta)

Una volta una storia d’amore
soltanto una storia

Una storia d’amore
soltanto una storia d’amore

Una storia
soltanto una storia

Una storia d’amore
soltanto

Una volta soltanto
una storia d’amore soltanto

Un amore soltanto una volta
soltanto una storia d’amore soltanto

Una storia d’amore
soltanto una volta una storia

Un amore
una volta soltanto

Un amore finisce
soltanto

Una volta una storia d’amore finisce
Un amore soltanto

Una volta soltanto una storia d’amore finisce

A permutational song: one sentence, one note (one note left!)
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èhttp://repmus.ircam.fr/_media/moreno/11_una_storia_moreno_andreatta.mp3

http://repmus.ircam.fr/_media/moreno/11_una_storia_moreno_andreatta.mp3


Como los juegos al llanto
como la sombra a la columna
el perfume dibuja el jazmín
el amante precede al amor
como la caricia a la mano
el amor sobrevive al amante
pero inevitablemente
aunque no haya huella ni presagio

aunque no haya huella ni presagio
como la caricia a la mano
el perfume dibuja el jazmín
el amante precede al amor
pero inevitablemente
el amor sobrevive al amante
como los juegos al llanto
como la sombra a la columna

como la caricia a la mano
aunque no haya huella ni presagio
el amante precede al amor
el perfume dibuja el jazmín
como los juegos al llanto
como la sombra a la columna
el amor sobrevive al amante
pero inevitablemente

Come i giochi le lacrime
come l'ombra la colonna
il profumo disegna il gelsomino
l'amante precede l’amore
come la carezza la mano
l’amore fa durare l'amante
ma allora inevitabilmente
Anche in assenza di traccia o di presagio

Anche in assenza di traccia o di presagio
come la carezza la mano
il profumo disegna il gelsomino
l'amante precede l’amore
ma allora inevitabilmente
l’amore fa durare l'amante
come i giochi le lacrime
come l'ombra la colonna

come la carezza la mano
anche in assenza di traccia o di presagio
l'amante precede l’amore
il profumo disegna il gelsomino
come i giochi le lacrime
come l'ombra la colonna
l’amore fa durare l'amante
ma allora inevitabilmente

Antes, despues

Julio Cortazar



A permutation song based on a permutational poem

The song was premiered the 13 November 2021 at Ircam within the mamuphi Seminar 
è https://medias.ircam.fr/x61f8d4 (10:57-14:50)

https://medias.ircam.fr/x61f8d4


Rules and constraints in the artistic process

Raymond Queneau
Il castello dei destini
incrociati, 1969

Cent mille milliards de poèmes, 1961

Italo Calvino

La vie mode d’emploi, 

Georges Perrec

OuLiPo (Ouvroir de 
Littérature Potentielle)
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The circular representation of the pitch space
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Major
thirds axis 

Speculum Musicum
(Euler, 1773)
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Minor thirds axis 
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MUSIC

MATHEMATICS

Musical
problem

Mathematical
statement

General 
theorem

generalisation

Music 
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The double movement of a ‘mathemusical’ activity
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A historical example of “mathemusical” problem

Hexachord
Theorem

HOMOMETRY

Milton Babbitt’s
Hexachord
Theorem

è Check the interactive environment: https://guichaoua.gitlab.io/web-hexachord/hexachordTheorem

https://guichaoua.gitlab.io/web-hexachord/hexachordTheorem


A historical example of “mathemusical” problem

SUBMITTED

Continuous
Hexachordal

Theorems

Probabilistic
version



A historical example of “mathemusical” problem

SUBMITTED



Aperiodic Rhythmic Tiling Canons (Vuza Canons) 

Dan Vuza

Anatol Vieru

Period = 72

72 7272



Group-based paradigmatic classification of Vuza Canons

(1 3 3 6 11 4 9 6 5 1 3 20) 
(1 4 1 19 4 1 6 6 7 4 13 6) 
(1 5 15 4 5 6 6 3 4 17 3 3)

(8 8 2 8 8 38)
(16 2 14 2 16 22)
(14 8 10 8 14 18)

(1 3 3 6 11 4 9 6 5 1 3 20) 
(20 3 1 5 6 9 4 11 6 3 3 1)
(1 4 1 19 4 1 6 6 7 4 13 6) 
(6 13 4 7 6 6 1 4 19 1 4 1)
(1 5 15 4 5 6 6 3 4 17 3 3)
(3 3 17 4 3 6 6 5 4 15 5 1)

(8 8 2 8 8 38)
(16 2 14 2 16 22)
(14 8 10 8 14 18)

(1 3 3 6 11 4 9 6 5 1 3 20) 
(1 4 1 19 4 1 6 6 7 4 13 6) 

(14 8 10 8 14 18)

Tijdeman’s
‘Fundamental Lemma’ (1995) 
R tiles Zn => aR tiles Zn <a,n>=1

72 72 72



Vuza Canons and Fuglede Spectral Conjecture 

A subset of the
n-dimensional
Euclidean space tiles
by translation iff it is
spectral.
(J. Func. Anal. 16, 1974)

èFalse in dim. n≥3 
(Tao, Kolountzakis, 
Matolcsi, Farkas and 
Mora)

è Open in dim. 1 et 2

Theorem (Amiot, 2009)
• All non-Vuza canons are 

spectral. 
• Fuglede Conjecture is

true (or false) iff it is true
(or false) for Vuza Canons

n=1

M. Andreatta & C. Agon (eds), “Tiling Problems in Music”, Special Issue of the Journal of Mathematics and Music, 
Vol. 3, Number 2, July 2009 (with contributions by E. Amiot, F. Jedrzejewski, M. Kolountzakis and M. Matolcsi)

Periods of Vuza Canons

72 
108 120 144 168 180 
200 216 240 252 264 270 280 288 
300 312 324 336 360 378 392 396 
400 408 432 440 450 456 468 480 
500 504 520 528 540 552 560 576 588 594 
600 612 616 624 648 672 675 680 684 696 
700 702 720 728 744 750 756 760 784 792 
800 810 816 828 864 880 882 888…

(Sloane’s sequence A102562)



Extended Vuza Canons

Greta Lanzarotto1,2,3,4 and Ludovico Pernazza1(B)

1 Department of Mathematics, University of Pavia, Via Ferrata, 5, 27100 Pavia, Italy
2 Department of Mathematics and its Applications, University of Milano-Bicocca,

Piazza dell’Ateneo Nuovo, 1, 20126 Milan, Italy
g.lanzarotto@campus.unimib.it

3 INdAM, Città Universitaria - P.le Aldo Moro, 5, 00185 Rome, Italy
greta.lanzarotto@math.unistra.fr

4 University of Strasbourg, IRMA UMR 7501, 7 rue René-Descartes,
67084 Strasbourg Cedex, France
ludovico.pernazza@unipv.it

https://matematica.unipv.it/en/homepage-english/,
https://www.matapp.unimib.it/en, https://www.altamatematica.it/en/,

https://irma.math.unistra.fr/?lang=en

Abstract. Starting from well-known constructions of aperiodic tiling
rhythmic canons by G. Hajós, N.G. de Bruijn and D.T. Vuza, several
generalisations are given. In this way, it is possible to find new aperiodic
canons, that we call extended Vuza canons.

Keywords: Mathematical models for music · Vuza canons · Aperiodic
factorisations of cyclic groups

1 Prelude

Canons in music have a very long tradition; among these, a few cases of tiling
rhythmic canons (i.e. canons such that, given a fixed tempo, at every beat exactly
one voice is playing) have emerged. Only in the last century, stemming from the
analogous problem of factorizing finite abelian groups, aperiodic tiling rhythmic
canons have been studied: these are canons that tile a certain interval of time in
which each voice (inner voice) plays at an aperiodic sequence of beats, and the
sequence of starting beats of every voice (outer voice) is also aperiodic. From
the musical point of view the seminal paper was probably the four-parts article
written by D.T. Vuza between 1991 and 1993 [14–17], while the mathematical
counterpart of the problem was studied also before, e.g. by de Bruijn [5], Sands
[13], etc., and after, e.g. by Coven and Meyerowitz [4], Jedrzejewski [9], Amiot
[1], Andreatta [3], etc.

A thorough theory of the conditions of existence and the structure of aperi-
odic tiling rhythmic canons has not been established yet. In this paper we try
to give a contribution to this fascinating field.

Supported by Italian Ministry of Education, University and Research (MIUR), Dipar-
timenti di Eccellenza Program (2018–2022).

c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022
M. Montiel et al. (Eds.): MCM 2022, LNAI 13267, pp. 112–126, 2022.
https://doi.org/10.1007/978-3-031-07015-0_10

Towards a complete classification of non-periodic canons

• G. Lanzarotto, Tiling problems in music and Fuglede's spectral conjecture, ongoing PhD, University of Pavia / 
University of Strasbourg

• G. Lanzarotto, L. Pernazza, "Extended Vuza Canons", Proceedings MCM 2022, Springer.

Greta Lanzarotto



Fuglede Spectral conjecture for convex domains is true

Mate Matolcsi (Rényi Institute, Budapest)

Nir Lev (Bar-Ilan University, Tel-Aviv)

N. Lev & M. Matolcsi, “Fuglede conjecture for convex domains is true in all dimensions”, Acta 
Mathematica 228, n. 2, p. 385-420, 2022.



Some compositional applications of the Vuza Canons model

G. Bloch

F. Lévy 

A piece based on Monk (2007)
(« Well You Need'nt »)

La bataille de 
caresme et de 
charnage
(pour violoncelle et 
accompagnement, 2012)

Coïncidences (1999)

La notte poco prima 
della foresta
(opéra de chambre 
pour acteur, mezzo-soprano, 
baryton, ensemble et 
électronique, 2009) D. Ghisi

M. Lanza



Set Theory andTransformation Theory

Finite Difference Calculus

Diatonic Theory and ME-Sets Block-designs

Rhythmic Tiling
Canons

Z-Relation and  
Homometric Sets

Some musically-driven mathematical problems

• Tiling Rhythmic Canons
• Z relation and homometry
• Set and Transformation Theory
• Diatonic Theory and ME-Sets
• Periodic sequences and FDC
• Block-designs in composition

è M. Andreatta, Mathematica est exercitium musicae, Habilitation Thesis, IRMA University of Strasbourg, 2010



• Generalized Tonnetze and Persistent Homology
• The Tonnetz as a simplicial complex
• Algebraic classification of the twelve possible Tonnetze
• Isotropic and anisotropic Tonnetze
• Application to automatic stylistic classification

• Formal Concept Analysis and Mathematical Morphology
• Lattice structure of formal concepts
• Derivation operators (in FCA) and dilation/erosion in MM
• Application to pattern recognition and extraction 

• Category theory and Transformational Music Analysis
• From K-nets to PK-nets 
• Categorical formalisation of generalized Tonnetze

• ‘Mathemusical’ problems and open conjectures
• Tiling rhythmic canons and Fuglede Spectral Conjecture 
• Homometric musical structures and the phase retrieval problem

• Philosophy, Epistemology and Cognitive Science
• Geometry-based Neo-structuralism in music analysis
• Processes and techniques of mathemusical learning

Andreatta, M. (2018), “From music to mathematics and backwards: introducing algebra, topology and category theory into 
computational musicology”, in M. Emmer and M. Abate (eds.), Imagine Math 6 - Mathematics and Culture, Springer, pp. 77-88

The SMIR Project: Structural Music Information Research
C
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C#

AF



The SMIR Project: advanced maths for the working musicologist

Categorical
models

Algebraic
models

Geometric
topological

models

Computational models

Cognitive models

Signal-based
Music 

Information
Retrieval

C
E

G

B

B♭F#

C#

AF

Structural Symbolic Music 
Information Research
http://repmus.ircam.fr/moreno/smir

Oleg Berg



Asse delle quinte
Tonnetz and duality



è www.mathemusic.net Gilles Baroin



From poetry to song writing: 
hamiltonian compositional strategies

A part (Andrée Chedid, poème tiré du recueil  Rhymes Collection Poésie/Gallimard (n. 527), Gallimard, 2018) 

À part le temps
Et ses rouages
À part la terre
En éruptions
À part le ciel
Pétrisseur de nuages
À part l’ennemi
Qui génère l’ennemi

À part le désamour
Qui ronge l’illusion
À part la durée
Qui moisit nos visages

À part les fléaux
À part la tyrannie
À part l’ombre et le crime
Nos batailles nos outrages

Je te célèbre ô Vie
Entre cavités et songes
Intervalle convoité
Entre le vide et le rien

Intro

Couplet 1

Refrain

Couplet 2

RefrainRiff Refrain Refrain

Instrumentale Coda

èhttp://repmus.ircam.fr/_media/moreno/prix_chedid_2018_moreno.mp3

http://repmus.ircam.fr/_media/moreno/prix_chedid_2018_moreno.mp3


Hamiltonian Cycles with inner periodicities
L P L P L R ...

P L P L R L ...
L P L R L P ...

P L R L P L ...
L R L P L P ...

R L P L P L ...

R
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P

La sera non è più la tua canzone 
(Mario Luzi, 1945, in Poesie sparse)

La sera non è più la tua canzone,
è questa roccia d’ombra traforata
dai lumi e dalle voci senza fine,
la quiete d’una cosa già pensata.

Ah questa luce viva e chiara viene
solo da te, sei tu così vicina
al vero d’una cosa conosciuta,
per nome hai una parola ch’è passata
nell’intimo del cuore e s’è perduta.

Caduto è più che un segno della vita,
riposi, dal viaggio sei tornata
dentro di te, sei scesa in questa pura
sostanza così tua, così romita
nel silenzio dell’essere, (compiuta).

L’aria tace ed il tempo dietro a te
si leva come un’arida montagna
dove vaga il tuo spirito e si perde,
un vento raro scivola e ristagna.

http://www.mathemusic.net

min.  1’02’’

Music: M. Andreatta
Arrangement and mix: M. Bergomi & S. Geravini
(Perfect Music Production)
Mastering: A. Cutolo (Massive Arts Studio, Milan) 



èhttps://www.youtube.com/watch?v=1TlwFLYCYhY&ab_channel=MatheMusic4D

https://www.youtube.com/watch?v=1TlwFLYCYhY&ab_channel=MatheMusic4D


Exploring Hamiltonian cycles in music composition
LPLPLR…

PLPLRL…
LPLRLP…

PLRLPL…
LRLPLP…



Hamiltonial Cycles without inner periodicity



Renzo Sicco
(Assemblea Teatro)



(Source: www.wikimedia.org/)

The topological structure of the Tonnetz



Classifying Tonnetze as Simplicial Chord Complexes

ß0=1
ß1=2
ß2=1

Paul Lascabettes

Louis Bigo



Paul Lascabettes

Louis Bigo

Classifying Tonnetze as Simplicial Chord Complexes



è https://morenoandreatta.com/software/

DEMO



Rotation
(around de C)

Negative Harmony as a trajectory rotation



J. L. BesadaE. Bisesi C. GuichaouaM. Andreatta

Neurosciences and Mathemusical Learning

E. Bisesi, J. L. Besada, C. Guichaoua, M. Andreatta, "Conceptualizing chord relationships via spatial visualization within the 
Tonnetz", International Conference on Spatial Cognition (Rome, 13-17 September 2021).
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The musical style...is the space!



The geometric and topological character of musical style
Johann Sebastian Bach - BWV 328
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Schönberg - Pierrot Lunaire - Parodie
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Claude Debussy - Voiles

Claude Debussy - Voiles random chords
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• Bigo L., M. Andreatta, “Musical analysis with simplicial chord spaces”, in D. Meredith (ed.), Computational Music Analysis, Springer, 2015 

Hexachord software (©Louis Bigo)

T[3,4,5]

T[2,4,6]



Johann Sebastian Bach - BWV 328

Johann Sebastian Bach - BWV 328 random chords
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The geometric and topological character of musical style

• Bigo L., M. Andreatta, “Musical analysis with simplicial chord spaces”, in D. Meredith (ed.), Computational Music Analysis, Springer, 2015 

T[3,4,5]

T[2,4,6]



Johann Sebastian Bach - BWV 328

Johann Sebastian Bach - BWV 328 random chords
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The geometric and topological character of musical style

Schönberg - Pierrot Lunaire - Parodie
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• Bigo L., M. Andreatta, “Musical analysis with simplicial chord spaces”, in D. Meredith (ed.), Computational Music Analysis, Springer, 2015 
• Bigo L., M. Andreatta, “Filtration of Pitch-Class Sets Complexes”, in M. Montiel et al. (eds.), Proceedings of MCM 2019, Madrid.  
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• Callet V., “Persistent Homology on Musical Bars”, in M. Montiel et al. (eds), Proceedings of MCM 2022, Atlanta
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Two analytical approaches to Muse’s Take a bowAn application to Muse ’Take a bow’

�

I First analytical approach: U -U -P cycle

DM Daug Gm
U U

GM Baug Cm
P U U

CM A[aug Fm

P

U U
FM Faug B[mP U U

I Second analytical approach: transpositions by fourth of the �rst cell
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Popoff A., M. Andreatta, A. Ehresmann, “A Categorical Generalization of 
Klumpenhouwer Networks”, MCM 2015, Queen Mary University, Springer, p. 303-314

Muse’s “Take a bow” (Black 
Holes and Revelations, 2006)



Muse, “Take a bow” (Black Holes and Revelations, 2006)

Louis Bigo

(Unconscious) Algorithmic processes in Pop Music

èhttp://www.lacl.fr/~lbigo/hexachord



Composing (with) automorphismsComposing with automorphisms

I The groupA ⇠= (Z3
4oD8)o (D6⇥Z2) is too complex to be easily manipulated by hand.

I We developed an interactive interface intended for mathemusicians and composers for
transforming chord progressions using elements of A.

I HTML/SVG (graphical elements) and Javascript (code) allows one to develop complex
interfaces for outreach activities. No installation needed !

Live demo

è https://alexpof.github.io/Web_ColoredCubeDance/

(7776 elements)



Composing with Hamiltonian Cycles in the ‘classical’ Cube Dance 

The three Hamiltonian Cycles (CM = C, Cm = Cm, Caug = C+) 



The three Hamiltonian Cycles (CM = C, Cm = Cm, Caug = C+) 

Composing with Hamiltonian Cycles in the ‘classical’ Cube Dance 



èhttps://www.youtube.com/watch?v=nz5TYob02B4&ab_channel=MatheMusic4D



Thank you for your attention!


