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The ‘emergence’ of tiling rhythmic canons

O. Messiaen: Traité de Rythme, de Couleur et 
d’Ornithologie, tome 2, Alphonse Leduc, 1992.

« …il résulte de tout cela que les différentes 
sonorités se mélangent ou s’opposent de manières 
très diverses, jamais au même moment ni au 
même endroit […]. C’est du désordre organisé » 

Harawi (1945) Harawi: rhythmic reduction



The pitch-rhythm mystic isomorphic correspondence

• O. Messiaen, Technique de mon langage musical, Alphonce Leduc, 1944
• O. Messiaen, Traité de rythme, de couleurs et d’ornithologie, Alphonce Leduc, 1949-1992

“These modes [of Limited Transpositions] realize in the vertical
direction (transposition) what non-retrogradable rhythms realize in
the horizontal direction (retrogradation). In fact, these modes cannot
be transposed beyond a certain number of transpositions without
falling again into the same notes, enharmonically speak- ing; likewise,
these rhythms cannot be read in a retrograde sense without one’s
finding again exactly the same order of values as in the right sense.
These modes cannot be transposed because they are—without
polytonality—in the modal atmosphere of several keys at once and
contain in themselves small transpositions; these rhythms cannot be
retrograded because they contain in themselves small retrogradations.
These modes are divisible into symmetrical groups; these rhythms,
also, with this difference: the symmetry of the rhythmic groups is a
retrograde symmetry. Finally, the last note of each group of these
modes is always common with the first of the following group; and
the groups of these rhythms frame a central value common to each
group. The analogy is now complete”.
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C. Agon, G. Assayag and J. Bresson, The OM Composer’s Book (3 volumes) 
“Musique/Sciences” Series, Ircam/Delatour, 2006, 2007 and 2016

OpenMusic, a Visual Programming Language
for computer-aided composition
www.repmus.ircam.fr/openmusic/home



“MathTools”: an algebraic environment within 
OpenMusic visual programming language

Computational Music Theory:
- Classification and Enumeration of musical structures
- Chords/scales, motifs and rhythms:

¯ Catalogues (Costère, Zalewski, Vieru, Forte, Carter, Morris, Mazzola,  Estrada, …)
å Combinatorial algebra, Polya Enumeration Theory, Burnside Lemma, Discrete Fourier Transform 

- Rhythmic Tiling Canons (by translation, inversion and augmentation)
¯ Messiaen, Vieru, Levy, Johnson, Bloch, Wild, Lanza, Ghisi, …
å Group and ring factorization theory and Discrete Fourier Transform (DFT)

Computational Music Analysis:
- Set Theory, Transformational Analysis and Sieve Theory

- Pitch-class sets, interval vectors and IFUNC, Z-relations:
¯ Carter, Vieru, Xenakis
å Group Actions, Homometry, DFT

- Transformational progression/network, K-nets
¯ Generalized Interval Systems (David Lewin)
å Group action and category theory

Computer Aided-Composition:
- Scales, modes, chords manipulation
- Rhythmic structures organizations

OM=¯+å



Set Theory, andTransformation Theory

Finite Difference Calculus

Diatonic Theory and ME-Sets Block-designs

Rhythmic Tiling
Canons

Z-Relation and  
Homometric Sets

Neo-Riemannian Theory
and Spatial Computing

M. Andreatta: Mathematica est exercitium musicae, Habilitation Thesis, IRMA University of Strasbourg, 2010

- The construction of Tiling Rhythmic Canons
- The Z relation and the theory of homometric sets
- Set Theory and Transformational Theory
- Neo-Riemannian Theory, Spatial Computing and FCA
- Diatonic Theory and Maximally-Even Sets
- Periodic sequences and finite difference calculus
- Block-designs and algorithmic composition

Some examples of ‘mathemusical’ problems



The galaxy of geometrical models at the service of music     
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The galaxy of geometrical models at the service of music     



Bach’s enigmatic canons and geometry



Do

Bach’s enigmatic canons and geometry



…

My end is my beginning (but twisted!)



…

My end is my beginning (but twisted!)



http://www.josleys.com/Canon/Canon.html

[min. 1’14’’]



Palindromic structures in ‘pseudo’ rhythmic canons

Clapping Music de Steve Reich (1972)



Clapping Music (1972)

Palindromic structures in ‘pseudo’ rhythmic canons



Clapping Music (1972)

Gerubach's Scrolling Score Project 
http://www.gerubach.com

Palindromic structures in ‘pseudo’ rhythmic canons



Clapping Music (1972)

Characterizing the number of ‘common onsets’



Z16

ME-sets and the geometry of African-Cuban rhythms



Cinquillo Trecillo

Z8

Bembé (Abadja)

Z12

(2 1 2 1 2) (3 3 2) (2 2 1 2 2 2 1)

ME-sets and the geometry of African-Cuban rhythms



Clapping Music (1972)

Generalizing the process with maximally even sets



Z12

Z12

Z12

Tiling the line with translates of one tile



Z12

Formalizing the tiling process as set-theoretical operations

A1= {0, 2, 5, 7}

A2= {4, 6, 9, 11}

T4

Z12=A1ÈA2ÈA3

T4

A3= {8, 10, 1, 3}



Z12

Formalizing the tiling process as a direct sum of subsets

A1= {0, 2, 5, 7}

A2= {4, 6, 9, 11}

T4

Z12=A1ÈA2ÈA3

Z12=AÅB A=?
B=?

T4

A3= {8, 10, 1, 3}



Z12

A1= {0, 2, 5, 7}

A2= {4, 6, 9, 11}

T4

Z12=A1ÈA2ÈA3

Z12=AÅB

T4

A3= {8, 10, 1, 3}

A={0,2,5,7}
B={0,4,8}

Formalizing the tiling process as a direct sum of subsets



Z12

A1= {0, 2, 5, 7}

A2= {4, 6, 9, 11}

T4

Z12=A1ÈA2ÈA3

Z12=AÅB

T4

A3= {8, 10, 1, 3}

A={0,2,5,7}
B={0,4,8}

Formalizing tilings as a transpositional combination

Z12 = (2 3 2 4)•(4 4 4)



An example of a melodic-rhythmic Tiling Canon



Rhythmic tiling canons with no regular entries

{0,2,4}Å{0,1,6,7} = Z12 = (2 2 8)•(1 5 1 5)

One of the two factors is a Messiaen’s mode of limited transposition

transpositional
combination

+ =



A<Zn

B<Zn

The three ‘elementary’ types of tiling rhythmic canons

duality

TYPE 1
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Zn =AÅB

A<Zn

B<Zn

AÌZn

B<Zn

AÌZn

BÌZn
B periodic
subset

Å

The three ‘elementary’ types of tiling rhythmic canons

Is Messiaen’s Property mandatory
for tiling rhythmic canons?

TYPE 3



Type 2 canons and the odditive property of rhythms

Simha Arom Marc Chemillier

Z24

Rhythmic pattern : (3 2 2 2 2 3 2 2 2 2 2)



(Rachel W. Hall & P. Klingsberg)(Simha Arom & Marc Chemillier)

(3 2 2 2 2 3 2 2 2 2 2)

Type 2 canons and the (generalized) odditive property

(1 1 5 5)



3-asymmetric rhythmic pattern and tiling process



3-asymmetric rhythmic pattern and tiling canons

è



Permutational construction of a k-asymmetric pattern 
{0,1,2,3,4,5}



Permutational construction of a k-asymmetric pattern 
{0,5,1,3,4,2} {0,5,7,9,10,14}



Permutational construction of a k-asymmetric pattern 
{0,5,1,3,4,2} {0,5,7,9,10,14}

è



Aperiodic Rhythmic Tiling Canons (Vuza Canons) 

Dan Vuza

Anatol Vieru



Microtonal Vuza Canons (of period 72)

Dan Vuza

Anatol Vieru

Z72
Z72 Z72Z72



Towards the complete classification of Vuza Canons

(1 3 3 6 11 4 9 6 5 1 3 20) 
(1 4 1 19 4 1 6 6 7 4 13 6) 
(1 5 15 4 5 6 6 3 4 17 3 3)

(8 8 2 8 8 38)
(16 2 14 2 16 22)
(14 8 10 8 14 18)

(1 3 3 6 11 4 9 6 5 1 3 20) 
(20 3 1 5 6 9 4 11 6 3 3 1)
(1 4 1 19 4 1 6 6 7 4 13 6) 
(6 13 4 7 6 6 1 4 19 1 4 1)
(1 5 15 4 5 6 6 3 4 17 3 3)
(3 3 17 4 3 6 6 5 4 15 5 1)

R

(8 8 2 8 8 38)
(16 2 14 2 16 22)
(14 8 10 8 14 18)

S

(1 3 3 6 11 4 9 6 5 1 3 20) 
(1 4 1 19 4 1 6 6 7 4 13 6) 

(14 8 10 8 14 18)

R S

è



Vuza Canons in OpenMusic ‘MathTool’ environment

Vuza Algorithm

è



Some compositional applications of the Vuza Canons model

G. Bloch

F. Lévy 

A piece based on Monk (2007)
(« Well You Need'nt »)

La bataille de 
caresme et de 
charnage
(pour violoncelle et 
accompagnement, 2012)

Coïncidences (1999)

La notte poco prima 
della foresta
(opéra de chambre 
pour acteur, mezzo-soprano, 
baryton, ensemble et 
électronique, 2009) D. Ghisi

M. Lanza



Fabien Lévy 
Morphological Tiling Canons

• Coïncidences (pour 33 musiciens, 1999-2007)

Tokyo Symphony Orchestra, Dir.: Kazuyoshi Akiyama, 05/09/2007, Suntory Hall, Tokyo, Japon

F. Lévy, « Three uses of Vuza Canons », Perspectives of New Music, 49(2), 2011, p. 23-
31.



Georges Bloch 
Several compositional strategies

•Metrical organization of a tiling canon
• Self-similarity processes
•Metrical modulations between canons

• Projet Beyeler (2001) 
• Projet Hitchcock
• Visite des tours de la 
cathédrale de Reims
• Noël des Chasseurs
• Canons à marcher
• Canon à eau
• Harawun (2004)
• L’Homme du champ (2005)
• A piece based on Monk (2007)
• Peking Duck Soup (2008)

• A piece based on Monk, 2007 (« Well You Need'nt »)

G. Bloch, « Vuza Canons into the museum », The OM Composers’ Book, 2006



Mauro Lanza 
Vuza Canons and local periodicities

• La descrizione del diluvio (Ricordi, 2007-2008)

“6 voices are live and 
8 are in the electronic
part. The choice of 
the notes and the 
durations is made in 
order to stress some 
quasi-periodicities of 
the underlying Vuza
canon and this gives
to each voice a much
more “redundant” 
character”.

n=392



• La descrizione del diluvio (Ricordi, 2007-2008)

(1 3 25 27 1 3 11 14 27 1 3 25 27 4 25 27 1 3 25 14 13 1 3 25 27 1 3 52)

“The choice of the notes and the durations is made in order to stress some quasi-
periodicities of the underlying Vuza canon [...]” 

(1 3 25 27 1 3 11 14 27 1 3 25 27 4 25 27 1 3 25 14 13 1 3 25 27 1 3 52)

(1 3 25 27 1 3 11 14 27 1 3 25 27 4 25 27 1 3 25 14 13 1 3 25 27 1 3 52)

(1 3 25 27 1 3 11 14 27 1 3 25 27 4 25 27 1 3 25 14 13 1 3 25 27 1 3 52)

(1 3 25 27 1 3 11 14 27 1 3 25 27 4 25 27 1 3 25 14 13 1 3 25 27 1 3 52)

Mauro Lanza 
Vuza Canons and local periodicities



Mauro Lanza 
Vuza Canons and local periodicities

GMEM - Festival « Les Musiques » -Marseille, 25 avril 2008

• La descrizione del diluvio (Ricordi, 2007-2008)



(min. 10’15’’)



La notte poco prima della foresta (2009)
(opéra de chambre pour acteur, mezzo-soprano, baryton, ensemble et électronique)

D. Ghisi

n=168



La notte poco prima della foresta (2009)
(opéra de chambre pour acteur, mezzo-soprano, baryton, ensemble et électronique)

D. Ghisi



Vuza Canons and electronic music

Sébastien Roux 
(ATIAM 2001-2002)

èhttps://podcloud.fr/podcast/alla-breve-lintegrale/episode/cinq-canons-de-vuza-de-sebastien-roux
èhttps://musiquealgorithmique.fr/entretien-20-sebastien-roux/

06:57



Recent pieces using Vuza Canons

(2000)



Tom Johnson’s Perfect Tilings 

Jean-Paul Davalan, « Perfect Rhythmic Tilings », Perspectives of New Music, 49(2), 2011, p. 144-197

(min. 08’15’’)



Tiling canons by translation and augmentation

(((0 1 2 3 4 6) ((1 11))) 
((0 1 2 3 4 5) ((1 11) (1 1))) 
((0 1 2 3 5 7) ((1 11) (1 7))) 
((0 1 3 4 7 8) ((1 5))) 
((0 1 2 3 6 7) ((1 11))) 
((0 1 3 4 6 9) ((1 11) (1 5))) 
((0 1 3 6 7 9) ((1 11) (1 5))) 
((0 1 2 6 7 8) ((1 11) (1 7) (1 5) (1 1))) 
((0 1 4 5 8 9) ((1 11) (1 7) (1 5) (1 1))) 
((0 1 2 5 6 7) ((1 7) (1 5))) 
((0 2 3 4 5 7) ((1 11) (1 7) (1 5) (1 1))) 
((0 1 4 5 6 8) ((1 11) (1 7))) 
((0 1 2 4 5 7) ((1 5))) 
((0 1 3 4 5 8) ((1 5) (1 1))) 
((0 1 2 4 5 8) ((1 11))) 
((0 1 2 4 6 8) ((1 11) (1 7))) 
((0 2 3 4 6 8) ((1 11))) 
((0 2 4 6 8 10) ((1 11) (1 7) (1 5) (1 1))))

Thomas Noll

Augmentation
by factor 1

=
translation



Augmented Tiling Canons (Noll Canons)

x5



Augmented Tiling Canons (Noll Canons)
(((0 1 2 3 4 6) ((1 11))) 
((0 1 2 3 4 5) ((1 11) (1 1))) 
((0 1 2 3 5 7) ((1 11) (1 7))) 
((0 1 3 4 7 8) ((1 5))) 
((0 1 2 3 6 7) ((1 11))) 
((0 1 3 4 6 9) ((1 11) (1 5))) 
((0 1 3 6 7 9) ((1 11) (1 5))) 
((0 1 2 6 7 8) ((1 11) (1 7) (1 5) (1 1))) 
((0 1 4 5 8 9) ((1 11) (1 7) (1 5) (1 1))) ((0 1 2 5 6 7) ((1 7) (1 5))) 
((0 2 3 4 5 7) ((1 11) (1 7) (1 5) (1 1))) ((0 1 4 5 6 8) ((1 11) (1 7))) 
((0 1 2 4 5 7) ((1 5))) 
((0 1 3 4 5 8) ((1 5) (1 1))) 
((0 1 2 4 5 8) ((1 11))) 
((0 1 2 4 6 8) ((1 11) (1 7))) 
((0 2 3 4 6 8) ((1 11))) 
((0 2 4 6 8 10) ((1 11) (1 7) (1 5) (1 1))))

è

x5



Thank you for your attention!


