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Abstract. In the context of mathematical and computational represen-
tations of musical structures, we propose algebraic models for formaliz-
ing and understanding the harmonic forms underlying musical composi-
tions. These models make use of ideas and notions belonging to two al-
gebraic approaches: Formal Concept Analysis (FCA) and Mathematical
Morphology (MM). Concept lattices are built from interval structures
whereas mathematical morphology operators are subsequently defined
upon them. Special equivalence relations preserving the ordering struc-
ture of the lattice are introduced in order to define musically relevant
quotient lattices modulo congruences. We show that the derived descrip-
tors are well adapted for music analysis by taking as a case study Ligeti’s
String Quartet No. 2.

Keywords: Computational music analysis, Formal concept analysis, Math-
ematical morphology, Congruences, Quotient lattices, Harmonico-morpholo-
gical descriptors, Musical Information Research

1 Introduction

Despite a long historical relationship between mathematics and music, computa-
tional music analysis is a relatively recent research field. In contrast to statistical
methods and signal-based approaches currently employed in Music Information
Research (or MIR5), the paper at hand stresses the necessity of introducing

5 Following the Roadmap described in [18], we prefer to consider MIR as the field
of Music Information Research instead of limiting the scope to purely Music In-
formation Retrieval. This approach constitutes the core of an ongoing research
project entitled SMIR (Structural Music Information Research: Introducing Alge-
bra, Topology and Category Theory into Computational Musicology). See http:

//repmus.ircam.fr/moreno/smir



A starting example: the Gunner’s Dream by Pink-Floyd

Leonhard Euler’s Speculum Musicum

èhttp://www.lacl.fr/~lbigo/hexachord

Marin Mersenne
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Formal Concept Analysis: the double history

• M. Barbut, « Note sur l’algèbre des 
techniques d’analyse hiérarchique », in B. 
Matalon (éd.), L’analyse hiérarchique, 
Paris, Gauthier-Villars, 1965.
• M. Barbut, B. Monjardet, Ordre et 
Classification. Algèbre et Combinatoire, en 
deux tomes, 1970
• M. Barbut, L. Frey, « Techniques 
ordinales en analyse des données », Tome I, 
Algèbre et Combinatoire des Méthodes 
Mathématiques en Sciences de l’Homme, 
Paris, Hachette, 1971.
• B. Leclerc, B. Monjardet, « Structures 
d’ordres et sciences sociales », 
Mathématiques et sciences humaines, 193, 
2011, 77-97

• R. Wille, « Mathematische Sprache in der 
Musiktheorie », in B. Fuchssteiner, U. 
Kulisch, D. Laugwitz, R. Liedl (Hrsg.): 
Jahrbuch Überblicke Mathematik. B.I.-
Wissenschaftsverlag, Mannheim, 1980, p. 
167-184.
• R. Wille, « Restructuring Lattice Theory: 
An approach based on Hierarchies of 
Concepts », I. Rival (ed.), Ordered Sets, 
1982
• R. Wille, « Sur la fusion des contextes 
individuals », Mathématiques et sciences 
humaines, tome 85, 1984. 
• B. Ganter & R. Wille, Formal Concept 
Analysis: Mathematical Foundations, 
Springer, Berlin, 1998
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Formal Concept Analysis in a nutshell
FCA (Ganter et al.)

G = set of objects.

M = set of attributes or properties.

I ✓ G ⇥M.

(X ,Y ) (X 2 P(G ),Y 2 P(M)) = formal concept if (X ,Y ) is
maximal for X ⇥ Y ✓ I .

Partial ordering: (X1,Y1) � (X2,Y2) , X1 ✓ X2(, Y2 ✓ Y1).
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Derivation operators:
↵(X ) = {m 2 M | 8g 2 X , (g ,m) 2 I},
�(Y ) = {g 2 G | 8m 2 Y , (g ,m) 2 I}.
(X ,Y ) formal concept , ↵(X ) = Y and �(Y ) = X .
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Garrett Birkhoff 
(1911-1996)

Formal Concept Analysis and Mathematical Morphology

• Bloch, I., Heijmans,H., Ronse, C.: Mathematical Morphology. 
In: Aiello, M., Pratt- Hartman, I., van Benthem, J. (eds.) 
Handbook of Spatial Logics, chap. 13, pp. 857–947. Springer 
(2007)
• Atif, J., Bloch, I., Distel, F., Hudelot, C.: Mathematical
morphology operators over concept lattices. In: International 
Conference on Formal Concept Analysis. vol. LNAI 7880, pp. 
28–43. Dresden, Germany (May 2013)
• Atif, J., Bloch, I., Hudelot, C.: Some relationships between
fuzzy sets, mathematical morphology, rough sets, F-transforms, 
and formal concept analysis. International Journal of Uncertainty, 
Fuzziness and Knowledge-Based Systems 24(S2), 1–32 (2016) J. AtifI. Bloch

Mathematical morphology in a nutshell

Dilation: operation in complete lattices that commutes with the
supremum.
Erosion: operation in complete lattices that commutes with the infimum.

) applications on sets, fuzzy sets, functions, logical formulas, graphs, etc.

Using a structuring element:

dilation as a degree of conjunction: �
B

(X ) = {x 2 S | B
x

\ X 6= ;},
erosion as a degree of implication: "

B

(X ) = {x 2 S | B
x

✓ X}.

A lot of other operations...
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The two main MM operations: dilation & erosion

Algebraic dilations and erosions

Heijmans, Ronse (1990)

Complete lattices (T ,), (T 0,0)

Algebraic dilation: � : T ! T 0 such that

8(x
i

) 2 T , �(_
i

x
i

) = _0
i

�(x
i

)

Algebraic erosion: " : T 0 ! T such that

8(x
i

) 2 T 0, "(^0
i

x
i

) = ^
i

"(x
i

)

Properties:

�(0) = 00 (in P(E ), 0 = ;)
"(I 0) = I (in P(E ), I = E )

� increasing, " increasing

in P(Rn), �(X ) = [
x2X �({x})
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Adjunctions

� : T ! T 0, " : T 0 ! T , (", �) adjunction if:

8x 2 T , 8y 2 T 0, �(x) 0 y , x  "(y)

Properties:

�(0) = 00 and "(I 0) = I

(", �) adjunction ) " = algebraic erosion and � = algebraic dilation

� increasing = algebraic dilation i↵ 9" such that (", �) is an adjunction
) " = algebraic erosion and "(x) =

W{y 2 T , �(y) 0 x}
" increasing = algebraic erosion i↵ 9� such that (", �) is an adjunction
) � = algebraic dilation and �(x) =

V{y 2 T 0, "(y) � x}
"� � Id and �"  Id 0

"�" = " and �"� = �

"�"� = "� and �"�" = �"

� and " increasing such that �"  Id 0 and "� � Id ) (", �) adjunction
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Adjunction and Galois connection

Equivalent concepts by reversing the order on one space.

� : A ! B , " : B ! A ↵ : B ! A,� : A ! B
�(a) 
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�(a)
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B

⌘�
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)
increasing operators decreasing operators
"�" = ", �"� = � ↵�↵ = ↵,�↵� = �

"� = closing, �" = opening ↵� and �↵ = closings
Inv("�) = "(B), Inv(�") = �(A) Inv(↵�) = ↵(B), Inv(�↵) = �(A)

"(B) = Moore family ↵(B) and �(A) = Moore families
�(A) = dual Moore family
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A concept lattice for musical structures

[R. Wille & R. Wille-Henning, « Towards a Semantology of Music », ICCS 2007, Springer, 2007]

Rudolf Wille



A concept lattice for the diatonic scale

[R. Wille & R. Wille-Henning, « Towards a Semantology of Music », ICCS 2007, Springer, 2007]

CM Em

mi X X
sol X X

({mi, sol},{CM, Em})



A concept lattice for the diatonic scale

[R. Wille & R. Wille-Henning, « Towards a Semantology of Music », ICCS 2007, Springer, 2007]

CM Em FAm FM

mi X X
sol X X
la X X
do X X

({la, do},{FM, Am})



A different concept lattice for the diatonic scale

[R. Wille & R. Wille-Henning, « Towards a Semantology of Music », ICCS 2007, Springer, 2007]

Towards a Semantology of Music 271

Fig. 1. Cross table describing the subchord-superchord-relation in a 7-tone-scale

which can be reached from each of the three circles, representing the three named
chord forms, by two ascending line segments, respectively.

The meanings of the visualized concept hierarchy becomes more transparent
if we consider the introduced three levels of semantics:

Mathematically, the labelled line diagram in Fig. 2 represents the concept lat-
tice of the formal context represented by the cross table in Fig. 1. The 20 black
circles represent the 20 formal object concepts and the 20 formal attribute con-
cepts of the concept lattice, respectively. The mathematical implications between
the 20 formal object concepts (resp. 20 formal attribute concepts) can be de-
rived from a reduced Duquenne-Guigues-Basis (cf. [GW99], p.83) which consists
of the 28 object implications (resp. 28 attribute implications) shown in Fig. 3
(dually).

Philosophically, the labelled line diagram in Fig. 2 represents the concept hier-
archy derived from the context represented by the cross table in Fig. 1. A concept
of the hierarchy is formed by an extension and an intension (cf. [Ka88]) where the
extension consists of objects whose names are heading rows in the cross table and
the intension comprises attributes whose names are heading columns in the cross
table; the extension contains exactly those objects which have all attributes of
the intension and the intension contains exactly all those attributes applying to
all objects of the extension (an object has an attribute in the cross table exactly
if there is a cross in the cell belonging to the row headed by the object name and
the column headed by the attribute name). The philosophic-logical semantics of
such a concept is constituted by the meanings of its objects, its attributes, and
their relationships. In our example, the philosophic-logical meaning of an object

272 R. Wille and R. Wille-Henning

Fig. 2. Concept hierarchy derived from the cross table in Fig. 1

chord form is an abstraction of the object meaning of all chords having that
object form, and the philosophic-logical meaning of an attribute chord form is
an abstraction of the attribute meaning of all chords having that attribute form.
Such philosophic-logical meanings may cause a dynamics which leads to changes
and even expansions of the underlying context.

Musicologically, the labelled line diagram in Fig. 2 represents the concept hi-
erarchy which offers the most general logical ordering of the chord forms of the
7-tone-scale. The ordering clarifies a rich combinatorics full of symmetries. First
of all, the possibilities of reducing and extending chord forms (even simultane-
ously) can be easily recognized in the line diagram of the hierarchy. Furthermore,
there are many possibilities to symmetrically interchange chord forms either
order-preserving or order-reversing. For instance, a symmetric form-interchange
of the second and the third forces the form-interchance of the triad and the



Formal concept analysis of harmonic forms and interval structures 253

Fig. 9 Concept lattice of the
harmony pattern vs. interval
count context of the 12-tet T12

• T. Schlemmer, S. E. Schmidt, « A formal concept analysis of harmonic forms and interval structures », Annals of 
Mathematics and Artificial Intelligence 59(2), 241– 256 (2010)

How to reduce the combinatorial explosion?
Formal concept analysis of harmonic forms and interval structures 253

Fig. 9 Concept lattice of the
harmony pattern vs. interval
count context of the 12-tet T12



A lattice structure on intervals

Core idea:

Harmonic forms = objects

Intervals = attributes

Harmonic system: T = (T ,�, I), with T = set of tones, I = musical
intervals, and � : T ⇥ T ! I s.t.

8(t1, t2, t3),�(t1, t2) +�(t2, t3) = �(t1, t3) and �(t1, t2) = 0 i↵ t1 = t2

Here: T
n

= (Z
n

,�
n

,Z
n

), where n 2 Z+ represents an octave, Z
n

= Z/nZ,
and �

n

is the di↵erence modulo n.
Harmonic forms H(T

n

): equivalence classes of  :

8H1 ✓ Z
n

, 8H2 ✓ Z
n

, H1 H2 i↵ 9i s.t. H1 = H2 + i

where H + i = {t + i | t 2 H} if t + i exists for all t 2 H.
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A lattice structure based on musical intervals

• T. Schlemmer, S. E. Schmidt, « A formal concept analysis of harmonic forms and interval structures », Annals of Mathematics and 
Artificial Intelligence 59(2), 241– 256 (2010)
• T. Schlemmer, M. Andreatta, « Using Formal Concept Analysis to represent Chroma Systems », MCM 2013, Springer, LNCS.
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A lattice structure based on musical intervals

• T. Schlemmer, S. E. Schmidt, « A formal concept analysis of harmonic forms and interval structures », Annals of Mathematics and 
Artificial Intelligence 59(2), 241– 256 (2010)
• T. Schlemmer, M. Andreatta, « Using Formal Concept Analysis to represent Chroma Systems », MCM 2013, Springer, LNCS.
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Group actions and the definition of harmonic forms

352

Zalewski / Vieru / Halsey & HewittCyclic group
Forte/ Rahn 
Carter

224

Dihedral group

Morris / Mazzola

158

Affine 
group

F. Klein

W. Burnside

G. Polya

1 2 3 4 5 6 7 8 9 10 11 12
1 6 19 43 66 80 66 43 19 6 1 1
1 6 12 29 38 50 38 29 12 6 1 1
1 5 9 21 25 34 25 21 9 5 1 1
1 6 12 15 12 11 7 5 3 2 1 1



Reducing a concept lattice using congruences

Congruence: equivalence relation ✓ on a lattice L, compatible with join
and meet, i.e. (✓(a, b) and ✓(c , d)) ) (✓(a_ c , b_ d) and ✓(a^ c , b^ d)),
for all a, b, c , d 2 L.
Quotient lattice: L/✓
Example: congruence grouping the most common harmonic forms in a
same equivalence class.
Harmonico-morphological descriptors:

Musical piece M, harmonic system TM, concept lattice C(M)

HM
C : formal concepts corresponding to the harmonic forms in M

✓ grouping all formal concepts in HM
C into one same class;

✓� grouping all formal concepts in �(HM
C ) into one same class;

✓" grouping all formal concepts in "(HM
C ) into one same class.

Proposed harmonic descriptors: quotient lattices C(M)/✓, C(M)/✓�,
and C(M)/✓".

M. Andreatta FCA - MM - Music 2018 16 / 17

Reducing a concept lattice using congruences

Quartet No. 2. For example, the first set, {0, 1}, corresponds to the two notes
chord {C,D}, whereas the last one, {0, 1, 2, 3}, corresponds to the tetrachord
{C,D,E, F}.

We use the previous 7-tet lattice for the analysis by selecting a limited number
of harmonic forms which are used by the composer. These forms are given in
Figure 4 by means of a circular representation corresponding to the underlying
cyclic group of order 7.

Fig. 4. Some harmonic forms in Ligeti’s quartet fragment.

The chosen valuation is the cardinality of the filter wF (see Section 3). Note
that other valuations could be used as well. The associated distance was used
to defined elementary dilations and erosions (with n = 2) on join-irreducible
(respectively meet-irreducible) elements. The dilation or erosion of any concept
is then derived from its decomposition into irreducible elements and using the
commutativity with the supremum, respectively the infimum.

The steps of Algorithm 1 for this fragment are illustrated in Figures 5–
7. As we could guess from the congruence relations, the final quotient lattices
show isomorphic relations between C(M)/✓ and C(M)/✓�. The larger number
of di↵erent congruence classes in the erosion "(HM

C ) is reflected in the form of
the corresponding quotient lattice C(M)/✓", which contains more elements.

This example is particularly interesting because the musical excerpt does
not only contain the usual perfect major and minor, seventh and ninth chords.
However, the use of the 7-tet, used here for the simplicity of the illustration, is
too limited. It would be even more interesting to use the 12-tet, which would
better account for chromatic parts. This is surely more relevant for musical pieces
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of harmonic forms which are used by the composer. These forms are given in
Figure 4 by means of a circular representation corresponding to the underlying
cyclic group of order 7.

Fig. 4. Some harmonic forms in Ligeti’s quartet fragment.

The chosen valuation is the cardinality of the filter wF (see Section 3). Note
that other valuations could be used as well. The associated distance was used
to defined elementary dilations and erosions (with n = 2) on join-irreducible
(respectively meet-irreducible) elements. The dilation or erosion of any concept
is then derived from its decomposition into irreducible elements and using the
commutativity with the supremum, respectively the infimum.

The steps of Algorithm 1 for this fragment are illustrated in Figures 5–
7. As we could guess from the congruence relations, the final quotient lattices
show isomorphic relations between C(M)/✓ and C(M)/✓�. The larger number
of di↵erent congruence classes in the erosion "(HM

C ) is reflected in the form of
the corresponding quotient lattice C(M)/✓", which contains more elements.

This example is particularly interesting because the musical excerpt does
not only contain the usual perfect major and minor, seventh and ninth chords.
However, the use of the 7-tet, used here for the simplicity of the illustration, is
too limited. It would be even more interesting to use the 12-tet, which would
better account for chromatic parts. This is surely more relevant for musical pieces
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chord {C,D}, whereas the last one, {0, 1, 2, 3}, corresponds to the tetrachord
{C,D,E, F}.

We use the previous 7-tet lattice for the analysis by selecting a limited number
of harmonic forms which are used by the composer. These forms are given in
Figure 4 by means of a circular representation corresponding to the underlying
cyclic group of order 7.

Fig. 4. Some harmonic forms in Ligeti’s quartet fragment.

The chosen valuation is the cardinality of the filter wF (see Section 3). Note
that other valuations could be used as well. The associated distance was used
to defined elementary dilations and erosions (with n = 2) on join-irreducible
(respectively meet-irreducible) elements. The dilation or erosion of any concept
is then derived from its decomposition into irreducible elements and using the
commutativity with the supremum, respectively the infimum.

The steps of Algorithm 1 for this fragment are illustrated in Figures 5–
7. As we could guess from the congruence relations, the final quotient lattices
show isomorphic relations between C(M)/✓ and C(M)/✓�. The larger number
of di↵erent congruence classes in the erosion "(HM

C ) is reflected in the form of
the corresponding quotient lattice C(M)/✓", which contains more elements.

This example is particularly interesting because the musical excerpt does
not only contain the usual perfect major and minor, seventh and ninth chords.
However, the use of the 7-tet, used here for the simplicity of the illustration, is
too limited. It would be even more interesting to use the 12-tet, which would
better account for chromatic parts. This is surely more relevant for musical pieces
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The paradigmatic music classification approach
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intervallic structures
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Permutations on the intervallic structures

DIA= (2,2,1,2,2,2,1)

(1122222)

DIAE = (1,1,2,2,2,2,2)

Julio Estrada, Théorie de la composition : discontinuum –
continuum, université de Strasbourg II, 1994 



Permutohedron and Tonnetz: a structural inclusion
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Permutohedron and Tonnetz: a structural inclusion
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Permutohedron and a topological structural inclusion
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L. Van Beethoven, 
Quatuor n� 17

The permutohedron as a musical conceptual space



A. Schoenberg, 
Six pieces op. 19

The permutohedron as a musical conceptual space
B. Bartok, Quartet n� 4
(3d movement)



The permutohedron as a lattice of formal concepts

1+1+1+1+1

1+1+1+2

1+1+3 1+2+2

1+4 2+3

5



Using MM/FCA to have a ‘signature’ of a musical piece

1+1+1+1+1

1+1+1+2

1+1+3 1+2+2

1+4 2+3

5

Garrett Birkhoff 
(1911-1996)
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