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A starting example: the Gunner’s Dream by Pink-Floyd
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Lattices and diagrams in Structural Symbolic MIR
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Formal Concept Analysis: the double history
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Formal Concept Analysis: the common root
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Formal Concept Analysis in a nutshell

G = set of objects.

M = set of attributes or properties.

| C G x M.

(X,Y) (X € P(G),Y € P(M)) = formal concept if (X,Y) is
maximal for X x 'Y C I.

m Partial ordering: (X1, Y1) X (X2, Y2) < X1 C Xo(< Y2 C Y7).
m = Lattice structure C and

Aeer(Xe, Ye) = (Neer Xe: a(B(Uee T Y1),
Vier(Xe, Vi) = (5(0‘(UteTXt))a Neer Yt)'

m Derivation operators:
a(X)={me M |Vge X, (g,m)el},
BY)={ge G|Vme Y, (g,m)el}.

m (X,Y) formal concept < a(X) =Y and B(Y) = X.



Formal Concept Analysis and Mathematical Morphology
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The two main MM operations: dilation & erosion

Dilation: operation in complete lattices that commutes with the
supremum.

Erosion: operation in complete lattices that commutes with the infimum.

Complete lattices (T, <), (77, <)

Algebraic dilation: § : T — T such that
V(X,') c T, 5(\/,'X,') — \/i-cs(X,')
Algebraic erosion: € : 7' — 7T such that

V(xi) € T', e(Nixi) = Nie(x;)

0:T =T ,e:T" =T, (g0) adjunction if:

Vx e T,Vy e T, §(x) <"y & x < e(y)



The two main MM operations: dilation & erosion

Dilation: operation in complete lattices that commutes with the
supremum.

Erosion: operation in complete lattices that commutes with the infimum.

Complete lattices (T, <), (77, <)

Algebraic dilation: § : T — T’ such that
V(x;) € T, 6(Vix;) = Vid(x)
Algebraic erosion: € : 7' — 7T such that
V(x;) € T, e(N'x;) = Nie(x;)
Equivalent concepts by reversing the order on one space.

):A—>B,e:B— A a:B—AB:A—>B
d(a) <p b= a <pe(b) a<aa(b)< b<pgp(a)



A concept lattice for musical structures

e e . e, - S

| O |

[ejajo |

w

I
A

3

- OIRIT m..w"”’.-
S|3(38| 5| 8|8
j= SISl E|=|E Formal
A ES NI ™ Concept Analysis
-2 o o o '2 o Mamumnu:oqum;
c|£| €| T T
EIE|EIEEE B
X X >< i | $ e

>< X Rudolf Wille
X X T IX AN

X >< [G-major tnad EQ-ma,oc tnﬂdj |a-minor Lnadj !d minor triad |
X X X |@-minor triad | \ / | ‘ |F-major triad |

[R. Wille & R. Wille-Henning, « Towards a Semantology of Music », ICCS 2007, Springer, 2007]



A concept lattice for the diatonic scale
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A concept lattice for the diatonic scale
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A different concept lattice for the diatonic scale
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How to reduce the combinatorial explosion?

* T. Schlemmer, S. E. Schmidt, « A formal concept analysis of harmonic forms and interval structures », Annals of

Mathematics and Artificial Intelligence 59(2), 241—- 256 (2010)




A lattice structure based on musical intervals

Core idea:
m Harmonic forms = objects
m Intervals = attributes

Harmonic system: T = (T, A,I), with T = set of tones, | = musical
intervals, and A: T x T — [ s.t.

V(t1, to, t3), A(t1, t2) + A(tz, t3) = A(t1, t3) and A(ty, t2) =0 iff t1 = to

Here: T, = (Z,, A, Z,), where n € Z, represents an octave, Z, = Z./nZ,
and A, is the difference modulo n.
Harmonic forms #H(T,): equivalence classes of W:

VH1 C Z,,VHy C Z,, HHVH> iff 37 s.t. HH = Ho + i

where H+i={t+i|te H} if t + i exists for all t € H.

* T. Schlemmer, S. E. Schmidt, « A formal concept analysis of harmonic forms and interval structures », Annals of Mathematics and
Artificial Intelligence 59(2), 241- 256 (2010)
* T. Schlemmer, M. Andreatta, « Using Formal Concept Analysis to represent Chroma Systems », MCM 2013, Springer, LNCS.




A lattice structure based on musical intervals

Core idea. Group action
m Harmonic forms = objects t
m Intervals = attributes

Harmonic system: T = (T, A,I), with T = set of tones, | = musical
intervals, and A: T x T — [ s.t.

V(tl, i, t3), A(tl, t2) + A(tg, t3) = A(tl, t3) and A(tl, t2) —0iff t1 =t

Here: T, = (Z,, A, Z,), where n € Z, represents an octave, Z, = Z./nZ,
and A, is the difference modulo n.
Harmonic forms #H(T,): equivalence classes of W:

VH1 C Z,,VHy C Z,, HHVH> iff 37 s.t. HH = Ho + i

where H+i={t+i|te H} if t + i exists for all t € H.

* T. Schlemmer, S. E. Schmidt, « A formal concept analysis of harmonic forms and interval structures », Annals of Mathematics and
Artificial Intelligence 59(2), 241- 256 (2010)
* T. Schlemmer, M. Andreatta, « Using Formal Concept Analysis to represent Chroma Systems », MCM 2013, Springer, LNCS.




Group actions and the definition of harmonic forms
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Reducing a concept lattice using congruences

Congruence: equivalence relation 6 on a lattice £, compatible with join
and meet, i.e. (f(a, b) and O(c,d)) = (#(aVc,bVd)and 8(aNc,bAd)),
forall a,b,c,d € L.

Quotient lattice: L/6
Example: congruence grouping the most common harmonic forms in a

same equivalence class. @)
4\/3 4\/3 4\—/3
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Reducing a concept lattice using congruences

Congruence: equivalence relation 6 on a lattice £, compatible with join
and meet, i.e. (f(a, b) and O(c,d)) = (#(aVc,bVd)and 8(aNc,bAd)),
forall a,b,c,d € L.

Quotient lattice: L/6

Example: congruence grouping the most common harmonic forms in a

same equivalence class.
D
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Reducing a concept lattice using congruences

Harmonico-morphological descriptors:
m Musical piece M, harmonic system T, concept lattice C(M)

O Hé\/‘: formal concepts corresponding to the harmonic forms in M

m 6 grouping all formal concepts in Hé” into one same class;
m 05 grouping all formal concepts in §(HZ1) into one same class;
m 0. grouping all formal concepts in e(HZ!) into one same class.

m Proposed harmonic descriptors: quotient lattices C(M)/6, C(M) /85,
and C(M)/6.. .
- 3 S
s :
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Reducing a concept lattice using congruences

Harmonico-morphological descriptors:
m Musical piece M, harmonic system T, concept lattice C(M)

M Hé\/‘: formal concepts corresponding to the harmonic forms in M

m 6 grouping all formal concepts in Hé\/‘ into one same class;

m 05 grouping all formal concepts in §(HZ1) into one same class;

m 0. grouping all formal concepts in e(HZ!) into one same class.
m Proposed harmonic descriptors: quotient lattices C(M)/6, C(M) /85,
and C(M)/6..




Summary of the lattice-reduction process

harmonic
forms




The paradigmatic music classification approach
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Permutations on the intervallic structures

DIA=(2,2,1,2.2.2,1)
S| DI, = (1,1,2,2,2,2,2)

es O O 0000000 0— .- 0
dodo# ré ré#mi fa fa# sol sol#la la# si (do) ‘

| N

Julio Estrada, Théorie de la composition : discontinuum —
continuum, université de Strasbourg II, 1994 6



Permutohedron and Tonnetz: a structural

inclusion
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Permutohedron and Tonnetz: a structural inclusion
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Permutohedron and Tonnetz: a structural inclusion

=
;% __ 354)(534)(543)(453)(435)(34)5)

’ N ,

9:[129] 22:(1137] | 36:[11127] '48[1111171

H
i

5

2

-t

5]
S

gl

=
-]

all

4
=
=

Xill

Al

bl
=
(>

_ﬂ

1
1
—— —I: /l
#i#8oco | zaiaBoo |1 ’
10:[138] 23:[1146] |[37:[11136] 49;[1111261,: II
h—
— . ' /
| giosoo || ESe00 | EReoe | /
1[147] 24:[L1SS] || 38:[(11145) 50:[|||135]I!_._jw§_}_? Vi
W —as— I Fig3096
== #FRo | gEiBooo | wlBoo i HFTSIS
B (12271 39:11226] | St:[111144]! 60:[]11]]25]: 66: f“”‘l“ﬂ
12:[156] '
=8 o | . ﬁﬁmf—vga EWW
wheo  gESSeo | gEESo |
: 3 40:[11235] 52:[111225]1 6|:||||1|34: 67[1111111"41 VTLE[II1114)
13:228] T ‘ .
2 FBoo  wFSeco || g iBeo || ghiRece | puiRcSe
= 21012451 4pipi1244)  S3HMUL1234] ;62111122400 69 [11111133] + 72:[111111123]
8o —— _ E b ook et s oo e ek o 0
1 : B
g B8 mEteco | pwEtes |/ pmEes | eS|
42:(11334]  S&[111333] 1 6311112331 6o:[11111223]¢ 73:[111111222] |

O
_ 8:1335] . . i . :
oo 1 [ e e R S R A
15:124 6] Eé i, fzi8eo 4% 830 % oo w&ﬁ%
29:01344] 43:112225]  ss:(112224] | 6411112323100 50,11 1112222

:

e
G

t

%)
=
5}
b

2

b

7

16:[%5] % /‘\

30:[2226] 44:[12234] _ 56:[112233] 65:[[,1,22222]

S T T TS 35 (12333] | 57:[122223]

S E ﬁ :3? P

18:[345] | 32:[2244] 6:[22224] 58:[222222]

~el — —
\3!!:'@\!331 . L: CmajeEmin

e e [444) 33:1233 4] P: Cmaj%cmin




Permutohedron and a topological structural inclusion

[a) N b M )} M. M. b ) D ¥
’?— | ) | i | | I | { r I | I
VAN {an) X
, OSSP ;2 -
)
/
. /
20:[1119] ,
— e /7
oo #2800 e 8eco ’
8:[1110] 21:[1128]  35:[11118] II
1 _': ’
heoo || #Seo | mESsoo 1 TESSoo | /
o:pi2o) [ 2200137 36127 Maspipian ,'
— 1 ———— 1,
/
= #8e0 || iiSeco | EESeo 11 ’
N R R h ,
10:[13 8] 23:[1146] [|37:]11136] 49: (11112617 ,
—— [ ]
T g | 70 | wESe || w1 e | /
2000 a7 241158 38:(11145] || 50111 1351“_-"52_{_,__1_,_.]_1__“5_;_‘._ :t/
[ i =——— |
== == 8o  glaSo | piBeco| u#Sco || WHISSGE
e S

322101 j2:1156)

25:[1227] 39:(11226] | 5t:[111144]! 60:[]11]]25]:566:[”1111”5]

1

gl
il

40:[11235] 52:[111225]1 6|:||||1|34E OT:[11AT1124] 1 71:(111111114]

4B9 132 Wﬁl + .
Treeo Whoo  mESacc | h %ﬁi&%@ s
_— = 21012451 4pipi1244)  S3HMU11234] 62111122400 6811111133 72:(111111123]
= 8o E —_— _ E b ook et s oo e ek o 0
N = 1 : B
sum Wpsn Bl PR gieee | geiRec )/ pules | g@tilRee |
— 28:[1335]  42:[11334] 54:[111333] 63:[1 1112331 69:[11111223]% 73:[111111222] [
5 B /[P

) 15:[24 6] ﬁé L EEERS 4% 8o ey W&%
sB7 20:[1344]  43:(12225]  55:[112224) § 64111232311 0. 1112222

7

e ke | e

44:[12234] _56:[112233) 65:[1,1,22222]

-4
4
g

*%___?f___ﬁ@%——%"' & X ’

S T T TS 35 (12333] | 57:[122223]

| —
 ——————— S
e — e -
; E - S
18:[345] | 32:[2244] 6:[22224] 58:[222222] .

19:[444] 33:[2334] 7:[22233] '&B‘s’ ‘52_ 2—:‘4‘-‘—]
\\\\\% _ ——
3PR333]
RN 311 Foo
\\
~

T~ 19: [4 4 4] 33:123 34




The permutohedron as a musical conceptual space
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The permutohedron as a musical conceptual space
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The permutohedron as a lattice of formal concepts
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Using MM/FCA to have a ‘signature’ of a musical piece
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